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1 Research Objectives

We have been studying the problem of quantifying equipment survivability to high amplitude
impulsive inputs. We are providing a general theory by which the analysis of such systems
can be systematically simplified. The simplification eases the analytical burden associated
with large scale dynamical simulations. We are developing a theoretical foundation for the
study of large classes of equipment and its potential failure mechanisms.

2 Technical Approach

We have considered the problem of trying to compute the response of a large scale system,
say an entire submarine or a section of such, to a shock related input. The entire system
can be regarded as being comprised of a main structure to which several smaller but complex
subsystems (i.e. the equipment) are attached. We divide the problem into two parts: (1)
modeling the effect of the subsystem on the dynamics of the main structure; (2) modeling the
response (and survivability) of a subsystem given its environmental loading.

Satisfactory results on step (1) is a prerequisite for proceeding to step (2). Thus, the focus
of our efforts during the project period has been on addressing part (1). If the equipment
is dynamically “simple”, i.e. has few resonant modes in the frequency band of interest, then
a relatively simple modal description of the equipment is feasible and practical. Standard
dynamic reduction techniques, e.g. component mode synthesis, can be utilized to construct an
efficient and physically accurate model of the subsystem. It is usually the case, however, that
the equipment can be described as “complex”, by which we define as having many (possibly
but not necessarily overlapping) resonances in the frequency band of interest. Our approach
to this problem is to exploit its main complication. We have obtained an asymptotic model
for the effect of a subsystem in the limit when the subsystem is “infinitely complicated.”

3 Review of Progress & Accomplishments

We conceived the idea of representing subsystems through time-domain DtN maps as de-
scribed in [5]. We later developed time-domain DtN maps to represent several classes of
subsystems, including:

1. Linear, undamped, discrete mechanical subsystems with arbitrary number of attach-
ment point degrees of freedom [3].

2. Linear, damped, discrete mechanical subsystems with arbitrary number of attachment
point degrees of freedom [7].

3. Slightly nonlinear, undamped, discrete mechanical subsystems with a single attachment
point [4].

These maps have been extensively studied. Their main drawbacks to use in practice are
that:

1. They are computationally expensive to evaluate initially.
2. They depend on too much detailed information about the equipment they represent.

3. They are computationally expensive to utilize in practice.
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In an attempt to address the first drawback, we examined the high modal density limit.
We showed in [3] that replacing an undamped system with its “fuzzy” counterpart leads to
O(1) error in a time scaling with ¢ = o(e™!). Such a model still required an “infinite” amount
of information, in that an entire mass-frequency distribution was required to construct the
fuzzy DtN map, but didn’t require a detailed eigenvalue analysis of the subsystem.

We then addressed the issue of information. We posed the question, suppose we replaced
the system not by its fuzzy counterpart, but any “smooth” system. What characteristics do
we need to build into our smooth approximation in order to accurately model the real system?
The answer to this question was eventually obtained, and we identified a small sequence of
parameters (three, for a system with a single attachment point) necessary to accurately model
a system to a time t = o(e™?).

The “final” issue was that of implementation. The time-domain DtN is in the form of a
convolution equation in time. When this is inserted into an equation of motion, the result-
ing equation is an integro-differential equation (IDE) of the Volterra type. Time marching
schemes for such equations are an area of active research, and stability problems are noto-
rious. We developed a stabilized explicit time marching scheme for Volterra IDEs [6]. The
method was only first order accurate, but fully explicit and has a large critical time-step.

The IDE marching, however, was displaced by the development of the effective dynamical
system theory described in [2] and [1]. In [2], we also present for the first time: bounds
on the symbol of the DtN in the Laplace domain in terms of its Pade’ approximants; a
maximum entropy approximation for the DtN in the time domain; a derivation of a self-similar
mass-frequency distribution for built-up subsystems; proven upper bounds on the dissipation
constant; estimated bounds on the dissipation constant; and the first formal presentation of
the three-parameter model.

In [1], we examine the application of the effective dynamical system theory to continuous
systems, and show that the limit of infinitely many modes is well represented in the theory.

4 Conclusions

We have developed an effective vibratory system theory which is analogous to the effective
medium theory of composites. Both are asymptotic theories; both are most accurate when
the properties of the system under consideration have a lot of fine detail (lots of layers in the
composite, or lots of modes in the substructure); both have finite ranges of validity in terms
of the independent variable.

The benefits of using effective dynamical parameters to describe a subsystem include: (1)
The model requires relatively few effective parameters to be measured or predicted. (2) The
parameters are independent of the master structure to which the subsystem is to be attached.
(3) The error incurred from using the approximate model has been well studied [2]. (4) The
effective vibratory system model is much simpler than the full model. The drawbacks of the
effective vibratory system model include: (1) The model is valid for finite time, in the absense
of sufficient subsystem dissipation. (2) The effective subsystem model does not predict the
displacement amplitudes inside the subsystem itself.

5 Relevance to the Navy

Numerically modeling the time-domain response of naval structures can allow the simulation
of explosion studies without the cost of experimental model testing. This has value in shock
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hardening modifications to existing structures, the design of new structures, and the design
of ordinance to excite specific motions in unfriendly structures.

Much of the shock energy absorbed by a large structure is transmitted into the substruc-
tures. Modeling the response of the main structure thus requires an appropriate representation
of the response of the substructures. The specific advances made to date allow substructures
to be modeled with the addition of a few differential equations, depending on just a few
parameters each.

The anticipated prediction and general modeling of equipment failure modes will provide a
firm theoretical foundation to develop shock-hardness tests of equipment. This is a necessary
step in certifying COTS (commercial-off-the-shelf) equipment for naval applications.
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EFFECTIVE DYNAMICAL PROPERTIES

Paul E. Barbone *
Department of Aerospace and Mechanical Engineering
Boston University
110 Cummington St.
Boston, MA 02215

ABSTRACT

We discuss effective dynamical properties of complicated
vibratory subsystems. A complicated vibratory subsystem
is one in which the resonance structure contains a lot of
fine detail. The first part of this paper describes an anal-
ogy between the effective vibratory subsystem theory and
the effective medium equations used to model composite
materials. The second part of this paper presents an exam-
ple application of the effective vibratory subsystem theory.
The effective subsystem theory is used to model a contin-
uous elastic rod. Features of the nonuniform limit w — o0
are shown to be reproduced by the effective vibratory sub-
system theory.

INTRODUCTION

We describe the modeling of a complicated vibratory
subsystem in terms of an “equivalent” effective vibratory
subsystem. The “effective vibratory subsystem” is that sub-
system which is characterized by the “effective dynamical
properties” (mass, stiffness, damping) of the subsystem un-
der consideration. Modeling a subsystem in this way is
analogous to modeling a composite material in terms of an
effective medium. In the next few paragraphs, we try to
explore this analogy to provide some background to the ef-
fective vibratory system theory. We follow this with an
example which shows how the effective vibratory system
theory can be applied. The example chosen reveals an in-
teresting feature of the modal description of subsystems:
nonuniformity of the limit w — co and N — co. We study

Financially supported by Office of Naval Research.
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this limit in detail in the context of the example of an elastic
rod subsystem.

EFFECTIVE MEDIUM ANALOGY

The mechanical properties of composite materials are
often described in terms of “effective” material constants.
The effective medium description of the composite is accu-
rate when the length scale of deformation is much larger
than the typical length scale of the microstructure. The ef-
fective medium theory is much easier to work with than the
complete 3-D description of the composite material. Not
only is it easier to perform an analysis with the effective
medium equations, but it is much easier to measure effec-
tive material constants than it is to measure the full 3-D
microstructural geometry and properties.

A well known simple example of an effective medium
theory is that describing long waves in a finely layered elastic
rod. The displacement field u(z,t) in the rod satisfies the
equation:

(E(z)v'(z,1)' - p(2)ii(z,t) = 0. (1)

Here, E(z) is the Young’s modulus of the rod and p(z)
is the mass density. We let h denote the distance over
which the properties of the rod change substantially (i.e.
E(z)/E'(z) = O(h)) and we let I denote a reference length
in the rod. Then the effective medium description of the
displacement field is given by:

u(z,t) ~ @(z,t) + O(h/l,zh? /1) (2)

Eeff'z}"(x, t) - peffi‘l(a:, t) =0. (3)



L
-1 _ -1 -1
Eeff—ngnooL /OE(:E) dz 4)
L
pess = Jim 17 [ p(a) do (5)

By solving (3), one obtains an approximation of u(z,t) as
described in (2). The approximation is most accurate when
the elastic properties of the rod have a lot of fine detail; i.e.
when h/l < 1. Two simple measurements are required to
evaluate the effective medium coefficients, E.s; and pey;.

In analogy with the effective medium theory, Barbone,
et al. (1998) have introduced an effective vibratory sys-
tem theory to describe complicated vibratory systems. A
complicated vibratory system is one in which the resonance
structure has a lot of fine detail. The effective vibratory sys-
tem theory has similar advantages to the effective medium
theory: it is easier to model the effective system, and the
effective coefficients are much simpler to measure.

Just as in the case of the effective medium theory, the
effective vibratory system theory is an asymptotic theory.
It is valid in the limit € = Aw/Qy — 0, where Aw is the
mean spacing between natural frequencies of the vibratory
system and {Qp is a reference frequency parameter of the
vibratory system.

We can extend the analogy further by noting that both
theories have limited regions of validity in terms of the in-
dependent variables. In the case of the effective medium
theory, small dispersion errors build up over distance lead-
ing to O(1) contributions when

z = O(13/h?). (6)

Since, by assumption, h/l < 1, this distance is very large.
For the effective vibratory system theory, small phase dif-
ferences gradually add up to give O(1) error when

t = 0(Aw/03). (7)

Again, by assumption, Aw/§ < 1, so this time is very
large.

An effective medium theory that corrects for the disper-
sion effects just mentioned can be constructed (Shuman &

Barbone, 1998). The equation for @ takes the form (Shuman
& Barbone, 1998):

Eep50"(2,8) = pes iz, 8)+ (B2 /1%) [adi” (z, ) + Bit(z, t)] = 0.
(8)
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We see from (8) that the effective medium is no longer a
simple elastic rod, but has additional terms in the equa-
tion. The two new coefficients, o and 3, depend on higher
order correlations of the medium properties. An effective vi-
bratory system theory that is valid for undamped systems
beyond O(Aw/€?) has not yet been developed, and is still
an active area of research.

From this discussion, we conclude that the effective vi-
bratory system theory of Barbone, et al. (1998) is anal-
ogous to the effective medium theory used in composites.
The challenge of extending the theory to a wider range of
validity, and exploring the limitations of the theory as it ex-
ists remain. In the remainder of this paper, we shall briefly
describe our effective vibratory subsystem theory in the con-
text of a specific example problem. Then we will apply the
theory to a case which is formally outside its region of va-
lidity: modeling a continuous system.! In particular, we
shall show that the nonuniform limit at w = 00, N = o0,
where N is the number of modes, is reproduced exactly by
the effective vibratory system theory. This buoys our con-
fidence that the effective theory, though derived for finite
dimensional systems, remains valid for infinite dimensional
systems.

EFFECTIVE DYNAMICAL SUBSYSTEM THEORY

Here we describe the effective vibratory subsystem the-
ory of Barbone, et al. (1998). We shall do so in the con-
text of the simplest possible example of a “master system”
which can interact with a “complicated substructure.” The
“master structure” is a linear harmonic oscillator. The mo-
tivation for using an effective model for the substructure is
our interest in determining z(t), the displacement history
of the harmonic oscillator (master structure). The oscil-
lator is coupled to a complicated substructure through a
single attachment point. All motion is assumed to be re-
stricted to be unidirectional. Analogous systems have been
studied recently by Weaver (1996,1997), Strasberg and Feit
(1996), and Nagem et al. (1997). This is a special case
of the systems studied by Barbone and coworkers in (Bar-
bone, 1995; Barbone and Goldman, 1996; Cherukuri and
Barbone, 1998; Barbone, et al., 1998). The equations of
motion for the entire system can be written in the following

1The effective vibratory system theory in Barbone, et al. (1998) is
derived for systems with a finite number of degrees of freedom.



form:

Mgy +Kxo(t) = f(t) - folt). 9)
N
koTo(t) = ) knZn(t) = folt). (10)
n=1
Mp,En + knTn(t) = KpZo(t) (11)

Here, M and K represent the mass and stiffness, respec-
tively, of the master oscillator. zo(t) represents its dis-
placement. The subsystem is characterized by the mass con-
stants m, and stiffness constants k,. Its configuration is de-
scribed by the N dimensional vector z = {z;,i =1,...,N},
which is zero at equilibrium. The master system is coupled
to the subsystem through the vector of coupling constants
{ki,i=1,...,N}. k, is related to «; by k, = Z,I:I:l Kn. For
a complete solution, initial conditions must be prescribed.

The equations of motion using the effective vibratory
system theory are

Mzo+ Kio(t) = f(t) - fo(t), (12)
folt) = Mrij(t), (13)
Mrj(t) +20M7Qy(t) + koy(t) = koZo(t), (14)

mo(t) ~ Fo(t) + O(e*th)(15)

Here y(t) is a dummy (scalar) variable, which has the in-
terpretation of being the displacement of an additional har-
monic oscillator. The effective mass My, stiffness k, and
damping coefficients 7,, are (in general) given in terms of
the mass constants of the subsystem under consideration.
In this example, the effective mass is simply the total mass
of the subsystem,

N
Mz =Y "my, (16)

n=1
Here, m,, is the n®* mass of the subsystem. The effective

stiffness is similarly simple in this example. It is the same
as the high frequency stiffness, k,:

N N
ko = Z Kn = Z mnwﬁ. (17)
n=1 n=1

wn = \/Kn/my is the nt* natural frequency of the subsys-
tem (with its attachment point held fixed.) The effective
mass and stiffness together define the subsystem frequency

parameter §) = \/k,/ M.

The effective dissipation constant 1), is given by

N
Mo = z MpWwn. (18)
n=1

The damping term appearing in (14) is written in terms of
the effective critical damping fraction, b, which is given in
terms of 7, by solving the equation (Barbone, et al., 1998)

o = MrQ(2cosh™ b)/m/b2 — 1. (19)

Thus we have replaced the original (N+1) DOF (degrees
of freedom) undamped system, (equations (9 - 11)) with a 2
DOF dissipative system (equations (12-15)). Equation (15)
indicates that Zo(t) is a good approximation for zo(t) when
€ < 1, up to times t = o(e”!). As described by Pierce,
Sparrow and Russel (1993), Weaver (1996,1997), Strasberg
(1996), Strasberg and Feit (1996), and Cherukuri and Bar-
bone (1998), dissipation can render the above approxima-
tion valid for all time. The dissipation must be sufficient to
cause significant decay before the error has time to build up.
That is, the decay time must be shorter than ¢t = o(e™!);
i.e. the intrinsic critical damping factor, 7, of the subsystem
must be 7 3> €. (See Cherukuri and Barbone (1998), eqn.
27; Strasberg (1996), eqn. (10).)

We note that the effective dynamical properties are in-
dependent of the master structure to which the subsystem
is attached. This is one of the benefits of the effective vi-
bratory system theory which is not available in other “fuzzy
structure” theories. Thus for the purposes of further explor-
ing the properties of the effective vibratory system model,
we shall work in terms of the input impedance, as in (Stras-
berg, 1996).

Exact and Effective Input Impedances

The exact and effective input impedances are not meant
to approximate each other. Using Z.;y, the effective input
impedance, however, provides an estimate Zo(t) which ap-
proximates zo(t) as specified in equation (15), above. From
equations (13) and (14) we find

fo = —wZesso, (20)
92

02 — 20w — w?’

The exact impedance follows from transforming equations

(10) and (11) and is

Zopp = —iwMr (21)

we

(22)

N
Zezact = —w E mnw2 — o2
n=1 n



APPLICATION TO ELASTIC ROD

In the rest of this paper, we shall consider the subsystem
to be an elastic rod. The continuous elastic rod can be
approximated to any degree of accuracy by a sufficiently
high number of vibrational modes. We denote the number
of modes used to represent the elasticrod by N. As N — oo,
we recover the exact representation of the rod.

For any finite value of N, we can replace the resulting
N DOF subsystem by the 1 DOF “effective subsystem.”
The effective properties of the subsystem, however, become
singular as N — oo. At first sight, this may seem to inval-
idate the effective system theory. We shall show, however,
that this behavior is necessary to capture the correct infinite
frequency limit as N — oo.

More specifically, let us denote the impedance of the

elastic rod approximated by N vibrational modes by Zezqct(N).

We note that the limit N — 00 of Z¢z4.¢(N) is nonuniform
in w. That is,

i Zers # Ji 0 Zero @9
We shall find, however, that

N S Berat = I, i Bess (24)

m lm Zepeee = lim lim Z.4f. (25)

w=-300 N—00 w—00 N—9oo

Nonuniformity of Exact Impedance as w — oo

Here we describe the nonuniformity in the limit of the
exact impedance. We first consider NV = fixed. Taking the
limit of the exact impedance (22) as w — oo, we find

., N

1 ,
Zezact ~ — E 7'7"rn.¢lJ,21 = 'lko/w w — 00; N = fixed.

w

n=1
(26)
The above limit holds for any finite value of N. It shows
that the impedance of the substructure at w = oo is always

springlike, independent of the substructure.

Let us reconsider this limit in the context of the elastic
rod. We suppose that the elastic rod is attached at its
left end to the master structure and is free at the right
end. The equations (9-11) still apply, but we must allow
N - oo. Each oscillator represents one of the infinitely
many vibrational modes of the fixed-free elastic rod. The
drive point impedance at infinite frequency of an elastic rod
is just that of the infinite rod:

Zezact ~ pcA N = oojw — 0. (27)
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Here, p is the mass density of the rod, A is its cross sectional
area, and c is the wave speed in the rod.

Clearly, (26) and (27) disagree with each other. This
demonstrates the nonuniformity expressed in equation (23).
It is well known that the appropriate limit to capture the
infinite degree of freedom system is to take N — oo first,
and then w — oo.

We shall now show that Z.;; is also nonuniform in the
limit N,w — oo. Further, we shall show that it is nonuni-
form in precisely the same way that Z.;,¢ is. This result
gives us some confidence that the analysis in Barbone, et al.
(1998), performed in the context of finite degree of freedom
systems, can be applied to the limiting case of continuous
systems as well.

BEHAVIOR OF Z.;; AS w,N - o

The limit w — oo with N = fixed is straightforward.
From (26) we find

Zegs ~ :—JMrﬂz =ik, /w w ~+ o0; N = fixed.
(28)

The fact that (26) and (28) agree shows that Z.5¢ accu-

rately represents Zezqc¢ in the limit w — oo with N =

fixed.

In order to evaluate the limit N — oo, we must consider
the behavior of the indiviual effective dynamical coefficients
appearing in Z.s; as functions of N. We shall examine the
limiting behavior of each of the coefficients as N — oo.

The elastic rod and its modal description in the con-
text of fuzzy structures was previously studied by Stras-
berg (1996). From his results, we obtain expressions for the
modal mass coefficients and natural frequencies. These are:

(n— %)‘nc/L

Wn (29)

2pc’ A2 L. (30)

Here, the length of the rod is L. Using these allows us to
define the effective dynamical coefficients as functions of N.
We emphasize that N is the number of modes of the rod
that are to be included in its modal description.

s

Behavior of M1 as N — oo:

The effective mass of the subsystem is given by (16),
with the substitution (29) and (30):

N N
Mr(N) = Zmn =2pc*A/L Zw;z.

n=1 n=1

(31)



This sum can be evaluated in closed form in terms of the
Polygamma function.? Using Abramowitz and Stegun (1972,
eqns. 6.4.5 & 6.4.12) helps us to write

Mr(N)

2, 1
pAL[1~ ¥ (N + §)] (32)

~ pAL[1- %N-l -O(N7%)] N - oq33)

Equation (33) shall be used shortly to evaluate Z.zp(N).
Behavior of k, and Q as N — oo:

The effective stiffness of the subsystem is given by (17)
with (30):

N N
ko(N) =) mnw? =2pcA/LY = (2o A/L)N  (34)
n=1 n=1

We note that the effective stiffness becomes infinite with N.
Given k,(N) and M¢(N), we can determine Q(N):

QUN) = Vko(N)/Mr(N) (35)
~ (¢/L)V/2N{1 + O(N-1)). (36)

Behavior of 7, and b as N — oo:

Finally, we need to determine the behavior of 5(N) as
N — o0. As a step to this, we must first find 7,(N). From
(18) and (29) and (30) we find

N
T’O(N) = Z Mpn (37)
N
= RS n -1y (38)
n=1
~ 4p:A[_;_ log N + O(1)]. (39)

In evaluting (38) we used Gradshteyn and Ryzhik (1965;
eqn. 0.132, pg. 3).

To find b(IV), we substitute (39), (33) and (36) into (19).
Simplifying this result yields

2 logN -1
= 282" 2cosh~lb/mV/bE - 1.
s YN 2o by

Equation (40) indicates that b(N) ~ 8v/N. We substitute
this into (40) and solve to leading order to obtain

(40)

b~ +/NJ2,

2We used Mathematica to find this.

N = 0. (41)
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Evaluation of Z.;¢(N):

We now substitute (33), (36) and (41) into equation (21)
to find the effective impedance for large N:

—iwpAL(1+ O(N™1)
1—L(] + O(N-1/2)) — &2k (1 + O(N-1/2))’
(42)
It is easy to verify that the limit of (42) as w — oo with
N = fixed recovers (28). It is similarly easy to see from (42)
that the limit N — oo with w = fixed yields

Zeps(N) ~

—iwpAL
Zegs ~ ’1'%)":7_1,—, N = oo;w = fixed. (43)
[
Taking the limit of (43) as w = oo yields
Zeps ~ pcA N = oojw — 00. (44)

Equation (44) is in complete agreement with (27).

As an interesting aside, we note that the w = 0 limit of
(43) yields

Zeps ~ —ilwpAL = —iwMr, N > oo;w—0.  (45)

This agrees with the same limit of the exact impedance.
Equations (44) and (45) show that in the limit N — oo,
Zess(w) is “doubly asymptotic,” at the w = 0,00 limits.
This is also true at finite IV, but the effective dissipation at
finite N cannot be evaluated using this information alone.

We have thus shown that the effective impedance, pre-
dicted by the effective vibratory system theory, has the same
nonuniform limiting behavior as w — oo and N — oo as
does the exact impedance. That is we have shown that

Nt S Bemect = 0 I, Berrs (40)
lim lim Zepeer = lim lim Zgy. (47)

w300 N—oo w—00 N—o0

CONCLUSIONS

We have described the effective vibratory system the-
ory in terms of an analogy with effective medium theory of
composites. We noted that both are asymptotic theories;
both are most accurate when the properties of the system
under consideration have a lot of fine detail (lots of layers in
the composite, or lots of modes in the substructure); both
have finite ranges of validity in terms of the independent
variable.




The benefits of using effective dynamical parameters to
describe a subsystem include: (1) The model requires rela-
tively few effective parameters to be measured or predicted.
(2) The parameters are independent of the master struc-
ture to which the subsystem is to be attached. (3) The
error incurred from using the approximate model has been
well studied (Barbone, et al., 1998). (4) The effective vibra-
tory system model is much simpler than the full model. The
drawbacks of the effective vibratory system model include:
(1) The model is valid for finite time, in the absense of suf-
ficient subsystem dissipation. (2) The effective subsystem
model does not predict the displacement amplitudes inside
the subsystem itself.

We have also described an example subsystem: an elas-
tic rod. Since the effective vibratory system theory has
been derived in the context of finite dimensional subsys-
tems, the applicability of that theory to this subsystem can
be questioned. Nevertheless, the continuous subsystem can
be represented as a limiting case of finite dimensional modal
approximations. We have shown that the limiting effective
impedance of this subsystem has the same behavior as the
limiting exact impedance. This result boosts our confidence
that the effective vibratory subsystem theory can be used
for infinite dimensional as well as finite dimensional subsys-
tems.
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1 Abstract

Large scale dynamic simulations can often be simplified by appropriately replacing large portions of
the domain by a Dirichlet to Neumann, or DtN map [7]. Here we consider the problem of representing
a linear dynamical subsystem by such a map. The exact DtN map is computed as a modal summation
and its properties are studied. Bounds on the symbol of the DtN map in the Laplace domain are
obtained. The exact map is then approximated, in particular in the high modal density regime. In the
high modal density limit, we obtain the result that a subsystem can be accurately represented with
just three parameters. Within such an approximation we obtain representations based on a maximum
entropy representation, self-similar or fractal representation, and a rational function representation.
The rational function representation leads to the interesting result that any complicated dynamical
subsystem with a large number of degrees of freedom is asymptotically equivalent (in the limit of
infinite modal density) to a single mass-dashpot-spring system. We end with numerical examples

showing the efficiency of the rational function approximation.
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1 Introduction

Substructuring and “reduction” or “condensation” procedures have been used to simplify large scale
numerical calculations since the mid 1960’s [9, 10]. In typical condensation procedures, one begins
with a complete model of the so-called “slave” subsystem, and projects the response of the slave
subsystem onto a relatively small subspace. The subspace is typically developed from a combination
of rigid body modes, dynamic modes, and constraint modes [6].

Such techniques are especially useful when the subsystem has relatively few eigenvalues in the
frequency range of interest of a given simulation. Then the subsystem can be represented by relatively
few component modes, and its response is relatively simple to simulate and to understand. We are
mainly concerned here, however, with the opposite case: that is when within any frequency range of
interest, a very large number of eigenvectors of the subsystem are necessary to accurately characterize
its response. We consider such a subsystem to be complicated.3 This limit has been examined in the
context of a specific example by Weaver [19, 20], Strasberg & Feit [18], Nagem, et al. [13], and in
other special and more general cases by Pierce and coworkers [16, 15], and Barbone and coworkers
{2, 5, 8].

Rather than the condensation approaches mentioned above, we choose to represent the substruc-
ture through its Dirichlet to Neumann, or DtN Map [7]. In the context of dynamic substructure
representation, the DtN map takes displacement histories on the boundary of the substructure into
current forces/tractions applied at the same boundary. Accordingly, the forces are the Neumann
data, and the displacements are the Dirichlet data. Given the exact DtN map representing a slave
substructure, the presence of that substructure is exactly taken into account when computing the
dynamics of the master structure.

Though exact DtN representations of substructures may be available, approximate representa-
tions are often attractive. There are at least two reasons for this. First, the approximate represen-
tation may provide sufficient accuracy at greatly reduced computational cost. Second, and perhaps
more importantly, an approximate representation may involve only a few gross parameters of the
dynamical system, sometimes as few as three as we shall show. These parameters can be easily
estimated, thus permitting simulations to be performed without detailed knowledge of the dynamic
properties of the substructures. This is an especially important advantage when the substructure is
very complicated.

In this paper, we consider the problem of constructing and approximating time-domain DtN

3Some authors refer to such subsystems as “fuzzy” substructures.”
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representations of very complicated substructures. We shall focus here on the special case of a
substructure which is attached to the master through a single point. In section §2 we formulate the
problem to be solved in order to find the DtN. We give the exact DtN in section §3, and discuss
various of its properties in section §4. These include bounds on the DtN in the Laplace domain
which are, we believe, presented for the first time here. We also derive various bounds on many
of the gross dynamic properties of the subsystem in this section. We then move on to the special
case of high modal density systems in §5. By expanding the DtN asymptotically in powers of
the modal spacing, we find that an approximate DtN can be constructed that depends on as few
as three parameters. We call these the “effective dynamical parameters,” and their identification
represents one of the central contributions of this paper. On the basis of our high modal density
theory, we consider three “canonical representations” in section §6. These are: the maximum entropy
representation, the self-similar or fractal representation, and the rational function representation.
The rational function representation leads to a startling equivalence: That undamped but sufficiently
complicated substructures are asymptotically equivalent (in the limit of zero modal spacing) to a
single spring-dashpot-mass system, up to simulation times proportional to the inverse of the modal
spacing. Specific formulas for the coefficients of the reduced system are given. Finally, we give some

examples applying our theory for complicated subsystems in section §7.
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2 Formulation

We consider a dynamical subsystem which has a quadratic potential energy function in the NV degrees
} of freedom, z,, n =1,..., N. We shall assume that the dynamical system is attached to the outside
world at only one attachment point. The displacement of the attachment point from equilibrium
is denoted by zo(t). We will denote by fo(t) the force that is applied to the attachment point.
The “DtN” condition that we will derive represents a map from zo(t) to fo(t). Thus, the effect
of the dynamical subsystem can be included in a dynamical simulation by employing the following

boundary condition at the attachment point:

fo(t) = Mlzo(t))]- (1)
Here, M denotes the DtN map.
In what follows, 2o and z,, are purely unidirectional. The extension to many attachment points
and three dimensional displacements follows in a future contribution.
In the case when fo = 0, we can write the potential energy function as

1
V(zo,x) = -2-[x-Kx+2m0K,-x+kozo2]. (2)

Here, x is an N dimensional displacement vector, K is an N x N positive definite matrix, « is an N
dimensional vector of spring constants, and k, is a coupling spring constant. The potential energy

function must be invariant to rigid body translation [15). Therefore, for all a
V{zo + a,x + ap) = V{(zo, x). (3)

In (3), p is an N dimensional vector with each component equal to unity. Substituting (2) into (3)

yields
Kp = -k (4)
k, = -p-s=p-Kp. (%)

We introduce the positive definite mass matrix M which allows us to write the kinetic energy
function as:
. 1 . . .
T(x) = 3 [mozo® +% - MX] . (6)

Lagrange’s dynamical equations of motion [11] gives us the equations of motion for our system

M+ Kx(t) = —kzot) (7)

Mmoo + k- (x(t) — pzo(t)) = Jfo(t). (8)
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3 Exact DtN map

An exact DtN map can be constructed by solving (7) exactly and substituting the result into (8).
An exact solution of (7) can be constructed in terms of a Green’s function. The Green’s function

itself shall be found in terms of the modes of vibration of the dynamical subsystem.

3.1 The Green’s function

The Green’s function, g(t — 7) satisfies

Migit-1)+Kgt—-1) = -ré(t-r1), 9)
gt—7) = 0 t<T. (10)

Equation (7), together with equations (9) and (10) show that x(t) is given by

t
x(t) = /_oo gt — 1) zo(7) dr. (11)

We now solve (9) for g in terms of a normal mode expansion. We begin by introducing a change
of dependent variables
g(t) =M~ y(1). (12)

Here, M!/2 is the unique positive definite matrix which satisfies M1/2 M/2 = M. We shall not
have the need to calculate M!/2 explicitly here. Substituting (12) into (9) and left multiplying both
sides by M~1/2 yields

7)) + M7Y2KM~ Y2 y(t) = -M~ 2k (2). (13)

The matrix M~1/2KM~1/2 is N x N, symmetric and positive definite. It therefore possesses N
distinct, orthonormal eigenvectors 6("), n = 1,...,N, and N (not necessarily distinct) positive

eigenvalues w2:

M™12KM~1/2 ¢ = wiﬁ(") (14)
Since ¢€™ span RY, we can write
N
y() = Y €™ za(t). (15)
n=1

We now substitute (15) into (13) and make use of the orthonormality of €™ to obtain

Fn(t) + w2 zn(t) = - . M~ (1). (16)
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Further, causality requires

Za(t) =0 t<0. (1)

Solving (16) subject to the condition (17) yields
za(t) = _51_ ¢ . M1k sin(wnt) t>0. (18)
n

We obtain g(t) by using (18) in (15) and (12) to find, for £ > 0

N
g(t) = ~M2 Y g . M2] sinut). (19)

n=1

With g(t) determined, the exact DtN condition follows directly using (11) and (8):

t N
fo(t) = modio(t) — k- pro(t) — / K,-M"l/2Z;l—g(")[ﬁ(")~M‘l/2n] sinwy,(t —7) zo(7) dr. (20)

n=1
Equation (20) can be simplified by utilizing the concept of modal mass. O’Hara and Cunniff [14]

define the modal mass as (see also Pierce [15], and generalizations in Cherukuri & Barbone [5]):
my = (p- M2, (21)
From the definition of £, we note that
M2RM 2™ = (2e™, (22)
We left multiply (22) by k- K~1M!/2, and use (4) to find
K- M—1/2£(n) =-wlp- M1/2€(n)_ (23)

We now use (23) and (21) to simplify (20) and obtain

t N
Folt) = moio(t) + oolt) — /_ S Ml sinwa(t - 7) 7o (r) dr. (24)
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4 Properties of DtN map

The exact DtN map (24) has many interesting properties which we now describe. These include
relations among the various coefficients appearing in (24), as well as the behavior of the Laplace

transform of the DtN in the complex plane.

4.1 The properties of the modal masses

O’Hara and Cunniff [14] show that the sum of the modal masses defined as in equation (21) is equal
to the total mass of the substructure. i.e.

N

> ma =My (25)

n=1
For completeness of our presentation, we show a similar proof here. From (21) and the orthonormality

of ¢™ we have:

N N
Yoma = Y (p- MM
n=1 n=1

N
= Y (p- M%) (p- MV2)

n=1
— p‘M1/2M1/2p
= p-Mp
= My (26)

A relation that is stated by neither O’Hara and Cunniff [14] nor Pierce [15] is that between the

attachment stiffness k, and the modal masses. To show this, we consider the sum:

N N
Sutma = Dol M)
n=1

n=z=1

N
= Y wi(p- M2y (p. MY/2¢™)

n=1
al 1
= Y wr(p- (KM V2M)(p - MV2™) by (22)
n=1 n

= p- KM_1/2M1/2P
= k., by (4) and (5). (27)

Here, we again used the orthonormality of the E(").
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The two parameters Mt and k, can be used to define a “bulk” frequency scale for the subsystem.

Thus we define Q, the effective or bulk or gross frequency parameter of the subsystem as:

0% = k,/Mr. (28)

4.2 The DtN in the Laplace domain

We now consider the Laplace transform of (24) and the resulting DtN in the transform domain. To

that end, we first introduce the following definitions:

Fo(s) = fo(t)e_Stdt (29)
/

Xo(s) = [ zo(t)e*tat (30)
/

Multiplying (24) by e~% and integrating with respect to ¢ then yields:
Fo(s) = s>m,Xo(s) + K (s)Xo(s) (31)

Here we have introduced K(s), the symbol of the DtN operator under Laplace transformation. It is

given by the function:
N
K(s) =k, - / Z mawd sin(w,t) e *tdt. (32)
0 n=1

In obtaining (31), we assumed that both z¢(t) = 0 and fo(t) = 0 for all ¢ < 0. Further, we assumed
that
zo(0) =0 ; zo'(0) = 0. (33)
The transform of the DtN operator, K(s) can be easily computed. Evaluating the integral
indicated in (32) for R(s) > 0 yields
N 4

K(s)=ko— Y mp—st

n'.2 2
w
= $* +wy

(34)

We use (34) to continue the definition of K(s) over the entire s—plane. We note by inspection that

K(s) has no singularities in the complex s plane except those at the points s, = Fiwy.

4.2.1 Bounds on K(s)

Here we find it convenient to consider K(s) as a function of s2. That is, we consider the function:

N 4
w,
Ky(s") = K(s)=ko— ) Moy (35)

n=1



4 PROPERTIES OF DTN MAP 8

We observe from (35) that K»(z) (z = s?) is a rational function of z with singularities only at the
points z, = —w? < 0; i.e. only on the negative real axis.

Further, we note that the analytic continuation of K3(2) into the whole of the z plane is Herglotz
[3];i.e. I(Ka(2)) < 0 <= I(2) < 0, I(K2(2)) >0 <= I(z) >0and Z(K2(2)) =0 < I(z) =

0. To show this, we let z = z + iy (z and y are real), and obtain from (35)

N w4 ) )
KQ(Z) =k, — nz=:1 mnm [((L‘ + wn) - zy] . (36)

The fact that K,(z) is Herglotz thus follows by inspection, noting that m, > 0 and w, is real.
Finally, we note that Ky(z) — k, as z — oo for any argz. These properties together are sufficient
to guarantee that K>(z) is bounded by its Pade’ approximants [4].

Following the notation of Bender & Orszag (1978), an N-M Pade’ approximation shall be denoted
by P (z). That is

N n
Ko(2) ~ PN (2 E—zﬁ—o—q’f—— 37
2() M( ) E,Aj:obmzm ( )

Without loss of generality, by is chosen to be 1. Clearly, the fact that K»(z) is rational implies that
the Pade’ sequence will converge to K»(z) for N and M sufficiently large. Smaller values of N and

M, however, provide upper and lower bounds on K5(z):
P{ 7} (2) < P11 (2) < Ka(2) < PR (2) < PR () VN, 2> 0 (38)

Thus, each diagonal or nearly diagonal Pade’ approximant provides a bound on K>(z): the higher
order the approximant, the sharper the bound.

Pade’ sequences can be developed from the Taylor expansion of K3(z) about any point. In
particular, the values of z = 0 or z = 0o correspond to the physical limits of low and high frequency
response, respectively. Thus, if the low or high frequency limiting behavior of the system is known
or can be accurately estimated, then a Pade’ approximation can be formed there. Such estimates

can be used to provide bounds on equipment models that will be presented later.
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4.3 Low and High Frequency Approximate DtN Maps

Equation (24) represents the exact DtN for the dynamical subsystem under consideration. In gen-
eral, 2N parameters are required to characterize the subsystem. When N is small, (24) can be
conveniently used directly. In practice, however, N can be arbitrarily large. In such situations, it is
often beneficial to consider approximations to (24) in which the DtN can be accurately represented
by relatively few effective parameters. In this section, we discuss two limiting vcases in which this is
possible. These are the special cases when the excitation is either of very low frequency or very high
frequency. These provide approximations valid not only at small and large s2, but by the results of
§4.2, also bounds on the behavior of K'(s) along the entire real s—line. The bounds thus found can
be used to find bounds and interrelations between the the bulk or effective subsystem parameters,

as we show below.

4.3.1 Low frequency limit

When the frequency of the excitation is much lower than the natural frequencies of the subsystem,
then the inertia of the subsystem is negligible to a first approximation. To obtain an approximate

DtN in this case, we rewrite (7) as

Kx(t) = —kzo(t) - Mx. (39)
Solving (39) by iteration yields
-1 ~1 1, -1 -1 _1 dizo(t)
x(t) = " K 'wzo(t) + KT'MK 'k dp(t) —- KT MK "MK 'k Frra e (40)
We now substitute (40) into (8) and simplify using (5) to obtain
.. . d
fo(t) :mo.'lto(t)+MTIIJ()( ) p- MK~ 1M —%() + ..., (41)

Here, we have used the relation My = p - Mp, which represents the total mass in the subsystem.
We note that to leading order, the force is merely accelerating the subsystem as a rigid body.

Alternatively, we can derive a relation equivalent to (41) in the Laplace domain. Expanding (31)
in a Taylor series about s = 0 yields

1 st
24°

The individual coefficients in the series can be evaluated from (34) and (27). Then (42) simplifies

Fo(s) = [32m0+K(0)+sK'( )+ = szK”(0)+ 33K"’(0) K""(0) + ]Xo(s). (42)

to:

N N
Fo(s) = l:sz(m.,-{-MT) Z; Z ] o(s) (43)

n=1




4 PROPERTIES OF DTN MAP 10

Inverse transforming (43), and using (21) yields (41).
It is interesting to consider a Pade’ approximation of K(s) obtained from this expansion. We
can construct the P} and P} Pade’ approximants (about z = 0) of K3(2) = K(s) by matching their

asymptotic expansions about z = 0 to the coefficients in (43). This yields

P}(s*) < K(s)< Pi(s%) (44)
82 2
B = : T )
My + 52 S (ma/u?) + s* [(znzl(mn/wa)) ~ Mr zn=1<mn/w:>] /M
PiE) = L (46)

Mr+ 82 Y0 (mafw?)
Equation (44) provides not only approximations of K (s), but also upper and lower bounds for all
52 > 0.
Equation (44) can also be used to find relations between the different coefficients that appear in

those equations. For example, evaluating (44) at s = oo, and using (28) and (55) yields:

N
Q2 "(mg/w}) < Mr. (47)

n=1

Further, recognizing that P} > P} Vs?® gives us:

N 2 N
(z«nn/wz)) > Mr 3 (mafud). ®)
n=1 n=1

These results shall be used later.

4.3.2 High frequency limit

Alternatively, the time scale of the excitation may be much higher than any of the natural frequencies
of the dynamical subsystem. In this case, the inertia term in equation (7) dominates. We rewrite

(7), therefore, as
Mi(t) = —-kz(t) —Kx (49)
Mx(t) = —-rzo(t) (50)
Taking two time derivatives of (8) and simplifying using (50) yields
Fo(t) = mozo ™) (t) + ko g0 (t) — k- Mk zo(t). (51)
Carrying the process still further yields:

£l (8) = mozo ™D (8) + ko o™ (t) — k- M K 2o(t) + 5 - MT KM ™ K 20(2). (52)
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At very high frequencies, the last term in (51) can be neglected yielding
fo(t) = momo 0 (t) + ko Zo(t). (53)

From (53), we see that in this regime the force is resisted primarily by the mass at the attachment
point and the elasticity in the equipment mount. Based on the interpretation of (53), we refer to
the quantity k, as the “high-frequency stiffness.”

It is again interesting to consider the identical approximation in the Laplace domain. By doing
s0, we shall obtain further bounds on K(s). Taking the Laplace transform of (52) and noting (31)
yields

Fo(s) = $*moXo(s) + K(s)Xo(s) (54)
K(s) ~ ko—6-M ks ?2+k-M kM ks +o(s7%) 5= (55)

From the expansion (55), we can form the P! and P? Pade’ approximants, this time about the point

$ = 00. Thus we obtain:

P)(s®) < K(s) <Pi(s?) (56)
k.2
0/.2 — [
P = ko +Kk-M-1lgs2 (57)
ko -M™ 1k + [(n “M1k)? — ko - M'lkM’ln] s~2

17,2 —
P(s%) - k- M-lg+ Kk -M-1kM-1g 52 (58)

Again, we have not only approximations of K(s), but also bounds for all s > 0. Equation (56)

implies that (58) must be nonnegative at s = 0. This gives us:
(6 - M™1k)? > k,x- M~ kM™ k. (59)
Expanding (57) in the neighborhood of s = 0, and using (43) and (56) yields
ko2s? < My k- -M™1ks?. (60)

Equations (59) and (60) can be rewritten in terms of the modal masses and natural frequencies. To

do so, we use (4,21 & 22) to find:
N
kMg = X:mnwfl (61)
n=1

N
k-MkM™ 1k = Zmnwg. (62)
n=1
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Combining (59-62) (and using (28) as necessary) yields bounds on the modal sums:

N
MrQ* <> mpwy (63)
n=1
N 2 N
[Z mnu;*,] > ko ) mpwh (64)
n=1 n=1

Equation (64) shows that the behavior of the higher order moment (3" m,w8) is determined by the

behavior of lower order moments. Equation (63) shall be used in a later section.
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5 High Modal Density

In the last section, we simplified the form of the exact DtN map (24) by making assumptions
regarding the form of the excitation (i.e. high or low frequency.) In this section, we instead make
an assumption regarding the complexity of the dynamical subsystem and thereby simplify the DtN
map.

As noted earlier, the form of the DtN map in (24) is appropriate when the subsystem has few
modes. In that case, the subsystem can be reasonably categorized as simple. On the other hand,
when the subsystem has many modes in the frequency band of interest, i.e. is complicated, we seek
an alternate representation that is more efficiently developed and evaluated.

Below we change the sum in (24) to an integral over frequency. We then approximate the
kernel of the frequency integral and bound the resulting error. Making the error bound as small as
possible identifies a sequence of parameters that govern the dynamics of the subsystem. Our analysis
indicates that these parameters are fundamental in describing the dynamics of the subsystem. The

identification of these parameters is one of the main contribution contained in this paper.

5.1 Replacing sum by integral

When the modes of the subsystem are closely spaced in frequency, the sum over modes in (24) can
be accurately approximated by an integral. Such a substitution is the basis of the fuzzy structure
representations of Pierce, Sparrow and Russel (1995). We shall also make use of Pierce et al.’s [15]
notion of mass as a function of natural frequency.

Unlike Pierce et al., we exactly replace the sum over modes with an integral over a frequency

parameter. To effect this replacement, we first introduce the generalized function, m(w), defined by

dmey = f:m 5w — wa) (65)

duJ ~ n n
m©) = 0 (66)
(67)

Using equation (65) in the exact DtN condition (24), allows us to rewrite that exact relation as

t o
fo(t) = modp(t) + kozo(t) — /_ /0 Ej%ws sinw(t — 7) o(7) dwdr. (68)
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5.1.1 Properties of m(w)

The function m(w) inherits its properties from the modal masses in terms of which it is defined.
Using equation (65) in equations (26) and (27) yields directly

[e.<]

A E‘)—(W)dtd = MT (69)
/0 wwz‘fi—';‘-(w)dw = k (70)

In addition, those inequalities derived in section §4.3 have counterparts in terms of m(w).

5.2 High modal density approximation

When the modes of the subsystem are closely spaced in frequency, the kernel in the integral operator
in (68) is rapidly varying. Under those conditions, the action of the operator can be simulated in
terms of another integral operator with a smooth kernel. With this motivation in mind, we therefore

consider splitting m(w) into a “smooth” part and a rapidly varying part as follows:
_ w
m(w) = m (w) + m, (—6-) . (71)
Here, we have introduced the parameter € defined by
€= Aw/Q < 1. (72)

Aw is taken to be a measure of the modal spacing, for example Aw = m;:tx(wn — Wp—1), or the
average over all n of (w, — wp—1). Thus € is a nondimensional measure of the modal spacing. An
approximate DtN map (or fuzzy structure approximation) is obtained by neglecting the m.(w) term
in (71) and replacing m(w) by m(w) in (68). The key to obtaining an accurate approximate DtN
lies in choosing m(w) appropriately.

We note that (71) leaves m(w) unspecified in its relation to m(w). Thus we are considering
the action of any continuous 7 (w) as an approximation for the action of m(w). This notion is in
contrast to the presentation of Cherukuri & Barbone (1996), who require m(w) to be the limit of
m(w) as € = 0. Obviously, some choices of m(w) will lead to better approximations of the DtN
map than others. In order to yield an accurate DtN map, some properties of the exact m(w) must
be duplicated in m(w). Precisely what aspects of m(w) must be duplicated in m(w) in order to

accurately represent the dynamics of the subsystem is determined below, in an error analysis.
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5.3 Error Bounds
5.3.1 Error Analysis

To obtain an approximate DtN, we substitute (71) into (68) to write:
b dm
folt) = mogo(t) + kozo(t) - / / T o sinw(t =~ 7) zo(r) dwdr +error(s), (73)
o Jo

t) = /t/w d [m (“’)] w® sinw(t — 7) o(1) dwdr (74)
error = @ 0 .
Here we have made the assumption that

zo(t) =0 Vi<O0 (75)

We shall now analyze the error in the force, error(t). In what follows, we shall assume that all
functions are regular enough to carry out our calculations, and that all integrals and limits are
defined. Integrating (74) by parts three times with respect to ¢ and using (75) yields:
© 4 w t
error(t) = —/0 o [me(—)] {w2 zo(t) — " (t) + /0 cosw(t — 1) zp"'(7) dr} dw. (76)

€

In terms of a new integration variable v = w/e, equation (76) can be rewritten as

error(t) = /Ooo 1_1_1_71_5(”) dv zo"(t)

dv
*®  dm,
—-62/0 Vz—a;-(u) dv zo(t)
t oo
—/ {/ @3(1/) cosev(t — 1) du} zo'"' (1) dr. (77)
0 0 dv
We now introduce the following integrals of m. (w):
m@) = [ me)av (78)
OV
ma(v) = / My (V')dV' (79)
0
Integration by parts with respect to v allows us to write:
o0
/0 d;ze (v) cosevt dv = me(v)cosevt|,__

+et my(v) sin <-:1/t|y=ch
+ .
+(—1)"®"t" my, (v) cos eut|y=°o

o0
+(-—1)"62”+1t2"+1/ Mant1(V) sinevt dv (80)
0
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Here we have integrated by parts an odd number of times. One can, of course, integrate by parts an
even number of times to obtain a similar result. The expansion indicated in (80) can be continued
indefinitely, provided that the integrals at each stage converge. This convergence can be guaranteed
for any m(w) by an appropriate choice of m(w). In order for the limits (at ¥ = co) indicated in (80)

to exist, we require:

l,li)ngcme(u) = 0 (81)
,,ll,n;omj(”) =0 i=1,...,2n (82)

Substituting (80-82) (with n > 2) into (77) now allows us to write error(t) as

t poo
error(t) = (—1)"+12nt! / / Mant1 (V) sinev(t — 7)dv (t — 7)2" 20" (1) dr. (83)
0 Jo

5.3.2 Error Bound

We now seek to bound error(t). To that end, we note

error(t) < |(=1)"Hle2nt! /Ot /Ooo Man+1(V) sinev(t — 1) dv (t — )21 2" (1) dr
< gntlgintl /Ooo Mant1(v) /Ot sinev(t — 1) 20" (1) dr dv
< ntpintl /oo vmant1 (V) /t cosev(t — 1) zo" (1) dr dv
0 0
< Entgintl /Ooo [vmant1(¥) ] /ot |cosev(t — T) zo" (1) |dT dv
< eintigintl /000 lvmant1(v) |dv /Ot |zo” (1) | dr
< amirgnn /0 " mam (v) | d / “dr Joo" (max)|
0

= M) 200, |2o" (max)] (84)
Here, we have introduced the constant Co,4; which is defined as

o0
Cont1 =/ lvmaops1 (v) | dv (85)
0

We note that for any m(w), m(w) can always be chosen in such a way that Ca,, 41 exists. Further, the
error grows with time as #>"*2, Thus, no matter how small € may be, the error becomes significant
at a time ¢ = O(e~!). We note, however, that up to this point in the derivation we have neglected
all forms of dissipation. If the subsystem under consideration has a small amount of dissipation (as
shown in reference [5]) then the error will remain bounded for all time. In essence, this requires that

all transient motion of zo(t) has stopped before the error has had a chance to accumulate.
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The source of the error The accumulation of error in this approximation is due to approxima-
tions of the phase of the individual modes. Replacing the exact DtN (24) by the approximation (73)
can be thought of as replacing the individual term in (24) by the following integral:
1 wa (1+4€)/2
Maw? sinw,(t — 1) % — / m(w)w? sinw(t — 1) dw (86)
Wn€ Jy,(1-¢)/2
This approximation is valid only as long as the sine terms in the integral remain in phase with each

other. To show this, we approximate the integral on the right of (86) in the following manner:

1 wn (1+€)/2 1 wn(1+€)/2
— mw) w® sinw(t —7)dw ~ M(w,)wd — sinw(t—7)dw  (87)
Wne€ Jy,(1-€)/2 Wn€ Ju,(1-€)/2
_ —m(wg)wi wa(14€)/2
~ m COSUJ(t nd T)Iwn(l—e)/Z (88)
= 3
m(wp)wy . . .
~ Jn(e(t"—_)_:)-.‘z sinwy(t — 7) sin (wae(t — 7)/2) (89)
M (wn)w) 3.3 3 :
~ D0nin -7)/2- t— 2 sinwy (t —
et —1) (wne(t — 7)/2 = W33 (t — 7)°/12) 2sinwn(t —7) (90)
~  m(wn)wd sinwn(t — 7) (1 — wie(t - 7)?/6) (91)

Therefore, we see that the error is due to accumulation of frequency approximations in the substitu-
tion of the sum for the integral. Thus, there is no need to appeal to any argument based on limiting

dissipation [20].
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5.4 Effective Dynamical Parameters

Equations (81) and (82) state the conditions under which the error in the DtN map is bounded
(see equation (84).) Through equation (71) these conditions specify certain restrictions on m(w)
in its relation to m(w). In satisfying these conditions, we shall identify several effective dynamical
parameters which characterize a given dynamical subsystem.

e . dm
To do so, we first consider the nth moment of the mass-frequency distribution d—;(y)

o0
d
n= " 2
L= [ g (92)
We now integrate {(92) by parts to obtain
n . .
I, =) (-1)7v"m;(v). (93)
j=0
Thus we conclude that conditions (81) and (82) are equivalent to
® dm
s = i =0,...,2n.
| v Gemaw=o, j=0..m (94)
From the definition of m.(w/€) in equation (71), we obtain
*© .dm dm dm
je = -7 —_ = 0.
/0 P ) v =0 = / W (E2 () - T2 @))dw = 0 (95)
Using the definition of m(w), equation (65), in (95) yields
/ w]———(w Ydw = Z wimy. (96)
0

Equation (96) shows that in order to accurately represent a dynamical subsystem in a simulation,
one must choose the moments of 7(w) to agree with those of the subsystem itself. These parameters,
the frequency moments of the modal masses, are in this way fundamental in describing a system’s

dynamical response. We call them the “effective dynamical parameters.”

5.4.1 Physical interpretation of effective parameters

For this section, and through the rest of this paper, we shall consider the special case of n = 1 (c.f.

equation (82)). That is, we shall require that

* dm
A —&;(w)dw = Zmn = Mt (97)
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N
©  dm
w—(w)dw = WMy =1 98
[ ezmew = % . (98)
o d i
2 4m _ 2 _
/0 w dw(w)dw ; wimy, ko. (99)

Here we have used the results of equations (25) and (27). We recall that Mr is the total mass of
the subsystem, while k, is the “high frequency stiffness.” In (98) we have introduced the quantity
7, which we shall call the “effective dissipation” of the subsystem.

Equation (84) with n = 1 shows that if one chooses m(w) to correctly represent the total mass
My, high frequency stiffness k,, and the effective dissipation 7, of a subsystem, then the error

incurred in a dynamical simulation will be bounded by
error(t) < (et)*Cs |zo" (max)|. (100)

From equations (97-99) we can see that with each dynamical subsystem, we can associate a total
mass and two frequencies. In what follows, we shall find it convenient to represent a subsystem in
terms of its “frequency” parameter {2, (c.f. equation (28)) and “damping” parameter aqg, which is
defined by

o = 1o/ MTQ. (101)

In Appendix A, we show that ap <1 for all discrete dynamical systems.

6 Modeling Dynamical Subsystems: Canonical Representa-

tions

6.1 Canonical Representations

In the last section, we determined those parameters of a dynamical subsystem that are important
to describe the dynamics of that subsystem. That is, we determined which features of m(w) must
be duplicated in M (w) in order to accurately reproduce the force at the attachment point. Beyond
the specification of the effective parameters just described, however, 7 (w) remains unspecified up
to now.

In this section, we consider several canonical representations of dynamical subsystems that are
based on different modeling perspectives. By “representation,” we mean a function m(w) which is

used in the approximate DtN (73). In the rest of this section we consider different choices for m(w)
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which have prescribed values of My, 7, and k,. Each choice differs in its functional dependence
on w, but nevertheless satisfies the conditions (97) - (99) above. Therefore, each choice will yield
accurate results in a dynamical simulation as specified in (100). Thus the specific choice of m(w) as
described here is more a matter of taste or ease of application than of accuracy.

The three canonical functions we shall describe are derived from different perspectives. In the
first, we shall derive an optimal representation based on information theory. The calculation pre-
sented below is motivated by and is similar in both spirit and detail to that presented by Pierce
in [17]. We include it as one perspective to obtain a canonical m(w). In the second approach,
we consider the form of m(w) to be a self-similar function of frequency. This leads to a nonlinear
functional equation which we solve for the function 7m(w). The third approach, the rational function
representation, is motivated by the resulting simplicity of the approximate DtN map. It leads to a
very satisfying physical analogy, which is presented in §6.4.3.

In what follows, we shall find it convenient to work in terms of a nondimensional mass distribution
function. Thus we introduce the nondimensional frequency v and nondimensional mass distribution

u{v) as follows:

v = w/ (102)
uy) = Mﬂ;‘%(w). (103)

In terms of (102) and (103), the three conditions (97) - (99) take the form:

/0°° pydry = 1 (104)
/000 vu(v)dv

/oouzp(u)du = 1. (106)
0

o (105)
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6.2 Maximum Entropy Formulation
6.2.1 Derivation of u(v)

Because of the normalization property (104) of u(v), we may think of this function in the abstract
sense as a probability distribution. Following up on this line of thinking, we may also consider the
conditions (105) and (106) as constraints on pu(v). Thus we seek to find a p(v) that maximizes
the “entropy” or “uncertainty” subject to the constraints that (105) and (106) are satisfied. The

uncertainty or entropy function for u(v) can be written as [17}:

Hi) == [ o) logluv) dv. (107)

We wish to find p(v) such that H is stationary subject to the conditions (104 ~106). Therefore, we
introduce the functional II{] defined by

T[] = H{i] — Mo / " v~ 1) = /0 "3 Gy~ a0) X /0 T Gy~ 1), (108)

Here, A\g — Az are Lagrange multipliers enforcing the constraints.

Making II stationary with respect to p, Ao, A1, and Xz leads to equations (104-106) and:
o0
/ oy [logu-—1+/\o+/\1u+)\2u2] dv=20 (109)
0
Equation (109) leads directly to the result
p(v) =exp (1 — Ao — v — Aor?). (110)

6.2.2 Evaluating the coeflicients, A9, A1, A2

Substituting (110) into equations (104), (105) and (106) and rearranging yields the following equa-

tions for Ag, A1 and Aq:

_opiane L [T e M
1 = AeM )\2erfc(2\/xz) (111)
A-)\
= 112
a0 NN (112)
[T An
=y it e ()
A = el (114)

Given ag, equations (111) - (113) are to be solved for A - A2. These values are then to be substituted

into (110) to obtain u(v). In order to solve (111) - (113), we combine them to write a single equation
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for the variable ¢ = Ay /2v/q:
(ap + ¢)v/7 exp(c?) erfc(c) = 1. (115)

Once c is determined from (115), A/+/Az can be found from (112). Finally, A, is obtained from
(113). We note that it is easy to verify that for any value of 0 < ap < 1, equation (115) has a
solution.

6.2.3 Implementation of Maximum Entropy Representation

In order to get the DtN map associated with the Maximum Entropy Representation of ‘fi—':‘(w), we

substitute (110) (in dimensional form) into (73) to write

Jo(?)

¢
kozo(t) —-/ Kk(t —7) zo(7)dr, (116)

0

(oo}
k() = MrA / W* exp(—Mw/Q — Agw?/02) sinw(t) dw. (117)
0
We note that A\; may be positive or negative, but A, is strictly positive. We now evaluate the
integral in (117) by writing sin(wt) as Z{e*!} and integrating three times by parts to obtain

N ! (,\2 0242) /472

xT {(iQt -\ [3 + Z—A;(mt - m?] [erfc ((iQt ) /2\/2)] e-wzm} . (118)

The error function is defined by erfc(z) = \/— f e~tdt 1.

In the form (118), x(t) is difficult to use since the error function must be evaluated for complex
argument. Of course, given the values of A; and Az, this calculation could be done as a preprocess
and the result tabulated. For more complicated functions of (), this would be recommended. For

the special case of A\; = 0, the error function drops out of the formulation.
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6.3 Self-similar Formulation

Here we formulate and solve the problem of determining the “limiting” m'(w) in a complicated
subsystem. The subsystem is imagined to be made up a collection of smaller “minor” subsystems,
each of which, in turn, is made up of a collection of still smaller minor subsystems, and so on. As
the subsystems become more and more complicated, we hope to find a limiting form of the %(w)
function.

To each minor subsystem, we shall prescribe three parameters: M;, n;, and k;. Further, we
define a “frequency” and “damping factor” for each minor subsystem defined as ; = \/W , and
agj = 1;/M;Q;, respectively. In the Laplace domain, the DtN for each subsystem can be written
as:

Fj(s) = M;Q2K (s/Qj,005) X (s). (119)
If the minor subsystems are sufficiently complicated that their representation has reached its limiting
form, then the function K will be the same function for all the subsystems comprising the whole.
This is the essential assumption on which the following is based.

We now consider a subsystem comprised of many smaller subsystems as depicted in figure 1. The

sum of the forces in springs j must balance the force fy, thus
fo=)_fi (120)
j=1
Also, the dispacements of each of the subsystems are identical
zo=z; j=12,... (121)
Combining equations (119) - (121) allows us to write
MoQ3K (s/Q0,a0) Xo(s) = Y MK (s/Q;, a0) Xo(s) (122)
j=1
We require (122) to hold for arbitrary Xy(s), which we can therefore cancel from both sides.
‘We now pass to the limit in which the number of subsystems becomes infinite. For convenience,

we nondimensionalize all frequencies with respect to g, and all masses with respect to My. Therefore

we make the following replacements in (122):

o = s/ (123)
Qj = ijo (124)
dm

w=wj
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/0 ” (126)

Thus we obtain an integral equation for 42 (w):

Jj=1

K(o,00)= | £(w)K(a/w,ao) dw (127)

In order to close (127), we must specify the relation between K(c) and 42 (w). If we assume
that the relation between K (o) and %Zl(w) is the same here as it is in the case of simple oscillators,
then such a closure relation can be obtained from equations (35) and (65). This yields, (for 42 (w)
analytic in the upper half w—plane)

T 3 dm

K(o) = =50 (w) (128)

w=io
We combine equations (127) and (128) to find the following homogeneous nonlinear integral equation

for 42 (w):

dm io dw

dw w) w’ (129)

dm ,.

2 o) = A ( )=
To solve (129), we replace z = log(io), v = logw and p(z) = E;(ez) to write:

o .
we) = [ uuty - 2)dv. (130)
—-00

Equation (130) may be solved by Fourier transform. We denote by f the transform of 4. Taking
the transform of (130) leads to

po= P (131)
i = (132)
Thus, we conclude that
iT_ﬁ(w) = §(w — wp) (133)
dw - 0

Equation (133) describes the mass-frequency distribution of a single oscillator with arbitrary
natural frequency wg. The implication of (133) is that only identical oscillators can be connected
together (in the manner that we have assumed) such that the behavior of whole is the same as the
behavior of the individual parts.

Clearly the mass-frequency distribution in (133) is not representative of whole classes of com-
plicated subsystems. While this result is not of practical interest, it is of interest to see where
the assumption of self-similarity has lead. We note, however, that self-similarity was not the only
assumption made in this section, and that perhaps the concept of self-similarity might still lead to

valuable subsystem models.
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6.4 Rational Function Approximation

Here we consider representing p(v) by a rational function of v. This representation has considerable
benefits in terms of both ease of application and in terms of physical interpretation.

To obtain a rational function representation of p(v), we must first choose a desirable form. We
shall choose p(v) to be an even function of v. In order that the integral in (106) be well defined, we

require that u(v) be o(v=2) v — oo. These requirements lead us to choose the following form for

uv):
[

W) = T @A T @ )

We note that more elaborate choices of p(v) can lead to higher order models with (presumably)

(134)

greater accuracy than that chosen here, however (134) shall suffice to satisfy our three conditions
(104) - (106).
6.4.1 Evaluating the coefficients a, b and c.

The three coefficients in (134) are to be determined by requiring (134) to satisfy equations (104) -
(106). This leads to the equations [12]

e

L= a@+® (135)
[

Qp = m[ﬂ' - 29] (136)
e

1= 4 (137)

In (136), 6 is defined so that tanf = b/a. Solving equations (135) and (137) in terms of 8 yields

a = cosf (138)
b = sinf (139)
¢ = 4/wsiné. (140)

The value of @ is determined from equation (136) which simplifies using (138-140) to

T—20
mwcosd

ap. (141)

Thus, given ag for a particular subsystem, we determine 8 by solving (141). Then we obtain a,
b and ¢ from equations (138-140). We note that (141) has real solutions for 6 only for ag > 2/x.

Smaller values of ag can be obtained by allowing 6 = n/2 + i, as we shall discuss later.
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6.4.2 Implementation of Rational Function Approximation

The rational function approximation can be implemented in either convolution form, or in a form
local in time. To obtain the convolution form, we merely substitute u(v) into (24). Since the kernel
is a rational function of v, however, the resulting DtN can be written alternatively in a form that is
local in time.

To show this, we consider the non-dimensional DtN in the Laplace domain. Therefore we in-
troduce K (o) which is non-dimensional Laplace transform of the approximate DtN resulting from

m(w) (c.f. equations (31, 32, 68).)

_ {oo] o0
K(o) 1- / / Vu(v) sin(vr)dv e~ °"dr
0o Jo
00 4

v

Here, K is nondimensionalized with respect to k., and o is nondimensionalized with respect to Q.

Thus with the definition (142), (31) becomes:
Fo(s) = smoXo(s) + koK (s/Q) Xo(s). (143)

When u(v) is a rational even function, as here, the integral (142) is easily evaluated by residues.

The result is a rational function of o of the form [12]:

K(c) = 1-N(s)/D(o) (144)
N(c) = (1+2bo) (145)
D(o) = (o2 +2bo +1). (146)

We now substitute (144) into (143), multiply both sides by D(¢), and inverse Laplace transform to

obtain:
d? d?
Dfo(t) = mo—zDo(t) + ko zo(t)- (147)
The operator D is given by:
D= 7 + 2an +Q (148)

The form of the DtN (147) is much more convenient in implementation than the convolution
form. For one, it does not require the full displacement history at the attachment point. Further,
the evaluation of the force fo(t) at each time step is relatively efficient compared to a long time

convolution. We shall show below an equivalent formulation which is not only local in time, but has

an appealing physical analogy.
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Before closing this section, we note that the form (147) with the coefficients as given is subject

to the restriction of homogeneous initial conditions on f(t) and zo(¢):

fo0) = 0 fo(0)=0.
zo(0)

I
o

(149)

6.4.3 A physical analogy.

In this section, we describe a simple model which corresponds to the local (in time) DtN (147). To

start with, we rewrite (147) as

fol)) = moao(t) + 12, (150)
DRE) = k'iraa(t). (151)

We now introduce a “dummy” displacement-type variable, y(t), defined by
fo(t) = Mrij(t);  y(0) =5(0) =0. (152)
Substituting (152) into (151) and integrating twice with zero initial conditions yields:
Mrij(t) + 26MrQy(t) + koy(t) = kox(t). (153)

Equation (153) is the equation of motion for a spring-dashpot-mass system in series. The pa-
rameters Mr and k, are the mass and spring constants of mass-spring system, respectively. The
coefficient b defined in equation (139) has the physical interpretation of the fraction of critical damp-

ing. This implies that the dashpot constant C in the analogy is given by
C = M1Q/2b = k,[2bQ (154)

We emphasize that the physical analogy is exactly equivalent to the local DtN resulting from the
rational function representation of m(w).

In terms of the “dummy” displacement variable y(t), the local DtN (150-151) can now be rewrit-

ten as:
d? .
folt) = mo=—zmo(t) + Mri(t), (155)
kox(t) = Mrij(t) + 206M7Qy(t) + koy(t). (156)

Equations (155) and (156) are in the most convenient form for practical implementation.
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6.4.4 Relation between critical damping parameter and effective dissipation parameter

It is interesting to examine the relation between the critical damping parameter b from the phys-
ical analogy and the effective dissipation parameter ag that results from the high modal density

approximation. These two can be related through equations (139) and (141).

Underdamped case: Provided b < 1, ap and b are related by:

_m—= 2sin71h

av/1=b

Overdamped case: When b > 1, (157) is still valid, but can be rewritten to a much more

ag (157)

convenient form. We shall use the identity

sin"'z =7/2+icosh™' z. (158)
Thus (157) simplifies to
2cosh™! b
= —.—— 159
% Vb -1 (159)

The two relations (157) and (159) are summarized in the plot in figure 2.

6.4.5 Estimated bounds on critical damping parameter

In section §4.2 we showed that K(s) is bounded by its Pade’ approximants. We have no such bounds
on K(o), however. It is interesting, nevertheless, to assume that those bounds derived in §4.2 hold
for K(o), and thus derive estimated bounds for the critical damping factor, b. Therefore, based on

equation (38) we shall assume:

PP(s?) < koK (s/Q) < Pi(s?). (160)
We use the high frequency derivation of P? given by (57) and the low frequency expression for P}
given by (46) in equation (160) to write

ko>

Y
ko+572 3, mawi

s2Mqp?
Mp+s2 Y0 (m/w2)

We gain some confidence in our assumption of (160) by the fact that (161) is satisfied in both the

< koK(s/9) <

(161)

s =0 and s = oo limits.

To obtain bounds on b, we substitute (144-146) into (161) and evaluate the result at s = §2 to

obtain:

ko2 < k, < Mr*Q?
ko+ Q2 S0 mawh T 24207 Mp+ Q20 (mafw2)

(162)
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Simplifying leads to

EN—I (mn/‘*’%) EN—I mnw;iz
n= — < < n= — .
_——MT/Qz 1<26< ———-————MTQ4 1 (163)

The inequality (47), however, shows the left hand side of (163) to be non-positive. The inequality
in (63), on the other hand, shows the right hand side of (163) to be always non-negative. Thus we
obtain the estimated bound on the critical damping coefficient, b:

N 4
n=1 mnwn

2
< < - 1.
0<2< &met ey 1 (164)
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7 Examples

In the examples that follow, we shall remove a large portion of the computational problem and
replace it with a DtN boundary condition as we have described earlier. The DtN shall be computed
either exactly (as indicated) or with a high-modal density approximation. The results of using the

DtN shall be compared to results obtained by simulating the full dynamical system.

7.1 Large oscillator connected to complicated substructure.

The first system that we shall consider is that studied by Weaver in [19, 20]. It consists of a “large”
mass-spring oscillator which is attached to a complicated substructure, as shown in figure 3. The

equations of motion for the system are

N

Mzo(t) + Kzo(t) = Y &n(za(t) — zo) (165)
n=1

MpEn(t) + knZn(t) = kpzo(l) (166)
N

ko = Y Kn. (167)
n=1

7.1.1 Exact DtN Formulation

In order to apply the DtN concept, we rewrite (165-167) as follows:

Mao(t) + Kzo(t) = —folt) (168)
N
fo(t) = Z Kn(Ta(t) — To) (169)

To make the connection to our original formulation, we note that (166) is identical to (7), (167) is
a special case of (5), and (169) is a special case of (8).
In this example, m, = 0, w2 = kn/mp, My = Y, my, Q2 = k,/M7. Thus, (24) gives us the

force as:

t N
fo(t) = kozo(t) — /_ Z Mpw? sinwy, (t — 7) 2o (7) dr. (170)

Therefore, in order to determine the dynamic response of the mass, we must solve (168) with (170),

subject to initial conditions

z0(0)=A ; 0(0)=B. (171)
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7.1.2 Approximate DtN Formulation

Alternatively, we can use the approximate DtN (155-156). For this example, (155-156) simplify to

folt) = kozo(t) — 2bM7Qy(t) — Koy(t), (172)
kozo(t) = Mri(t) + 26M7Qy(t) + koy(t). (173)

Combining (172) with (168) yields
Mzo(t) + (K + ko)zo(t) = 20M1Qy(t) + koy(t). (174)

Therefore, in order to determine the approximate dynamic response of the mass, we must solve (174)

with (173), subject to initial conditions (171) and
y(0)=0 ; g(0)=0. (175)

The differential equations (174) with (173) exactly represent the system depicted in figure 4.

To evaluate the constant b, we must first evaluate 7, which is given by (98) as

N
o= WnMMn. (176)
n=1
Then, ag = 1,/ M7 (by 101) and b can be evaluated by solving either (157) or (159), as appropriate.

7.1.3 Example results

Here we compare the results for a subsystem of N = 1000 masses attached to a single large mass.
We compare the results of the approximate DtN, (174) with (173), to the results obtained by directly
simulating the full system of equations (165-167).

The large mass is M = 2, while its spring has spring constant K = 2. The values of w,, were
chosen randomly between 0 and Q,,,, = 10. The values of m,, were chosen according to a selected
distribution, as

My = p(w)Qmez /N. 177

In all the examples, p(w) is chosen to be p(w) = Mt exp(—Aw)/A, with A = 2.0. For the dynamical
simulations, the initial conditions are given by (171) and (175), with A =0 and B = 1.

We consider two different subsystems with very different masses. In one case, the subsystem has
mass Mt = 0.25, while in the other case M7 = 10. The two results are shown in figures 5 and

6, respectively. We note that remarkably different physical behavior results in the two cases. In
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each case, however, we see that the approximate solution, obtained from integrating just two second
order equations, closely approximates the reference solution for times below about 50 units. Above

those times, the approximation breaks down as predicted by the error analysis in section 5.3.1.

7.2 Elastic rod connected to complicated substructure.

We now consider the interaction between two elastic structures: a homogeneous elastic rod connected
to a “complicated,” randomly inhomogeneous el‘astic rod. See figure 7. We shall represent the
inhomogeneous rod using a high-modal density DtN as we did in the last example. Indeed, to model
the inhomogeneous rod, we follow similar steps as those outlined above.

In figure 8, we plot the displacement profiles on the homogeneous portion of the rod at even
time intervals. We plot the displacement predicted by the approximate DtN and compare that to
the displacement predicted in the reference structure. The input is a Gaussian shaped pulse which
propagates to the right. The right traveling wave is represented at 25 time-unit intervals by the
large peaks centered at z = 10, 35, 60, 85. (The wave speed in the homogeneous rod is unity.) The
right traveling pulse is reflected at the right end of the homogeneous rod. The reflected left traveling
pulse is of lower amplitude.

We see that the approximate and reference solutions agree exactly up to the reflection from the
complicated substructure. The subsequent reflected pulses agree closely in shape and amplitude.
The main difference between them is represented in the slow decay of the tail in the approximate
solution. The elapsed time shown in the figures is not sufficient to show the pulse reflected from the
far end of the complicated rod. The approximate solution does not predict this pulse, though it is

present in the reference solution, of course.
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8 Conclusions

We have proposed the use of a time-domain DtN map to represent complicated subsystems in
dynamical simulations. We derived an exact DtN map for a general linear-elastic system which is
attached to the outside world at one point. We studied the properties of this map and found many
interesting results including interrelations between bulk dynamical coefficients, and bounds on the
symbol of the map in the Laplace domain. We also studied the high modal density or infinitely
complicated limit, and derived the “effective dynamical parameters” governing the dynamics of a
subsystem. These were used to construct various subsystem representations which are accurate in
the high modal density limit. The most intriguing of these is the rational function representation.
From this representation we were lead to conclude that a sufficiently complicated subsystem is
asymptotically equivalent (as € — 0) to a simple single spring-dashpot-mass system, (for t = o(e™!).)
Several examples of our high modal density approximation were studied. The agreement between
model and reference solutions was initially very good, but gradually deteriorated in agreement with
the predictions of §5.3.1.

The results presented here show that a sufficiently complicated subsystem can be accurately
represented by a subsystem of much smaller dimensionality. The model system is dissipative, even
though the original system is not. The dissipation models vibratory energy being transferred from
the master structure to the slave subsystem [16, 18]. This analogy provides an interesting dynamical
interpretation of the origin of damping in physical systems.

Though our analysis is presented in the context of structural dynamics, it generally applies to
any large system of oscillators. We emphasize, however, that the high modal density approximation
presented here is valid only for simulation time = o(e™!). Further work is required to obtain a

similar approximation valid beyond that time.
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A Proof that oy <1 for all subsystems

In this appendix, we prove that ap < 1 for all subsystems. The proof proceeds by induction. We
first show that for a system with a single mode, ap = 1. Then we show if ag < 1 for a system with
N modes of vibration, then ag < 1 with the addition of another mode of vibration.

We recall the definition ag given in (101)
ag =1,/ M7 > 0. (178)

Here, Q2 = k,/M7, and Mr,n,,k, are the “effective dynamical parameters” defined in equations
(97-99).

Here we consider the values of Mr,7,, k, as functions of N. To that end, we define:

N
My = S ma (179)
n=1
N
mw = Zmnwn (180)
n=1
N
kv = ) mpw? (181)
n=1
0% = kn/My (182)
aN = nN/MNQN (183)

To begin, we let N =1 in (179-183) to find

a =1 (184)
From (179-181), we now note
My = My+myg (185)
NN41 = NN+ MNL1WN41 (186)
kny1i = kn+ mN+1w12\,+1. (187)

Thus we can write the following equation for o4, ,:

2
2 _ Nt
A My 1kN+1 (188)

2 2
2 MN41 WN41 Myt1 YNy
ay +2aN ot ME QE,

(189)

2
(1+ ) (1 4 Za 2o
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For convenience, we are motivated to introduce the following variables:
u:mN+1/MN V:(.UN.H/QN. (190)

We note that these definitions hold in this appendix only, and are not to be confused with the
definitions of  and v given in the main text of the paper.

In terms of u and v, (189) can be rewritten as

2 19 2,2
From (191), we conclude:
k1 >1 = ok +2anpy+ptv? > (14 p)(1+ pr?). (192)
Simplifying the right hand side of (192) yields:
ok >1 = ok +2uwan — (1+p(l+2%)>0. (193)

We shall now show that a2, + 2uvay — (1 + (1 + v?)) > 0 is not satisfied for any 0 < ay < 1.

We let a* be the positive root of
o*? + 2uvo* — (1 + p(1 + %)) =0. (194)

It is easy to show that the second root of (194) is negative. a* is given by:

a* V(I + )2+ p(l = v)? —
1+ w)? —pr=1. (195)

[\

Finally, we note that ax = 0 leads to the right hand side of (193) being false.
We conclude that

ek >1 & an>a*2>1 (196)

Thus, ay4; > 1 if and only if ay > 1. Since oy = 1, a; and all subsequent a; s will be equal to or
less than unity.
It is worth noting before we close this section that the equality in (195) is achieved only for

v=1.
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Figures

Figure captions

Fig

Fig.

Fig.

Fig.

Fig.

Fig.

Fig.

Fig

. 1 A subsystem composed of many smaller subsystems. Each subsystem is connected at its
attachment point to a light rigid rod. The rigid rod defines the attachment point of the new
“composite” subsystem. The attachment point displacement of the composite subsystem is

zo(t), and the force required to specify that motion is fo(t).

2 Relation between critical damping factor, b, and “effective” damping constant, ag. The
g

relation is described quantitatively in equations (152) and (154).

3 A large mass-spring oscillator connected to a complicated substructure. The substructure

is represented by the collection of small oscillators.

4 The asymptotically equivalent system. The response of the master structure in this system
is approximately the same as that depicted in figure 3. The substructure has been replaced by

a spring-dashpot-mass structure.

5 Example la: “Large” mass-spring oscillator interacting with light but complicated substruc-

ture.

6 Example 1b: “Large” mass-spring oscillator interacting with heavier complicated substruc-

ture.

7 A homogeneous elastic rod connected to an inhomogeneous elastic rod. The homogeneous
rod is the main structure of interest. The effect of the “complicated” inhomogeneous rod on

the dynamics of the other shall be represented by an approximate DtN map.

. 8 Example 2: Reflection from elastic bar with random mass density.
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subsystem 1

subsystem 2

subsystem ]

Figure 1: A subsystem composed of many smaller subsystems. Each subsystem is connected at
its attachment point to a light rigid rod. The rigid rod defines the attachment point of the new
“composite” subsystem. The attachment point displacement of the composite subsystem is zo(t),
and the force required to specify that motion is fo(2).
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Relation between Alpha_o and critical damping factor
Iy T T T T
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i
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08 I L DU

Alpha_o: nondimensional effective damping constant

0 2 4 6 8 10
Critical Damping Factor

Figure 2: Relation between critical damping factor, b, and “effective” damping constant, apg. The
relation is described quantitatively in equations (152) and (154).
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XM

Figure 3: A large mass-spring oscillator connected to a complicated substructure. The substructure
is represented by the collection of small oscillators.

y()

XM

Figure 4: The asymptotically equivalent system. The response of the master structure in this system
is approximately the same as that depicted in figure 3. The substructure has been replaced by a
spring-dashpot-mass structure.



B FIGURES 42

Oscillator displacement with light subsystem attached
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Figure 5: Example la: “Large” mass-spring oscillator interacting with light but complicated sub-
structure.
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Oscillator displacement with heavy subsystem attached
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Figure 6: Example 1b: “Large” mass-spring oscillator interacting with heavier complicated sub-

structure.
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homogeneous elastic rod omplicated’’ elastic rod
input \ l
wave-
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Figure 7: A homogeneous elastic rod connected to an inhomogeneous elastic rod. The homogeneous
rod is the main structure of interest. The effect of the “complicated” inhomogeneous rod on the
dynamics of the other shall be represented by an approximate DtN map.
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Figure 8: Example 2: Reflection from elastic bar with random mass density.
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This article considers modeling the effect of complex subsystems on the dynamics of the main
structure to which they are attached. It is proposed that the substructure (say a piece of equipment)
be replaced by an equivalent set of forces which react back on the main structure. These forces are
given as time convolutions of the displacements at the equipment attachment points. The
convolution integral, which represents a time domain DtN (Dirichlet-to-Neumann) map, is
approximated in the high modal density limit with determined error bounds. This approximation
leads to a family of equipment representations. The simplest requires few measured equipment
properties, though more information can lead to greater accuracy. Our approximate DtNs are
demonstrated numerically in finite element simulations. © 1998 Acoustical Society of America.
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INTRODUCTION

Analysis of problems involving simulations over large/
infinite domains can often be simplified by replacing a por-
tion of the domain by a Dirichlet to Neumann, or DtN map.'
Here we utilize the concepts of Dirichlet to Neumann map-
ping to replace a dynamical subsystem by a set of forces
f(t). We consider the subsystem to interact with the main
structure through a finite number of degrees of freedom
which we refer to as attachment points. The forces f(¢) that
the dynamical subsystem exerts on the main structure depend
on the displacement histories of the attachment points. Thus
a Dirichlet to Neumann map in this context is a map that
takes displacement histories into current forces. Once the
DtN map characterizing a dynamical subsystem is known, its
effect on the main structure is completely determined.

Approximate representations of dynamical subsystems
(equipment) have two important advantages over exact rep-
resentations or models. First, the approximate DtNs often
provide enough accuracy while reducing computational
costs. Second, approximate DtNs require relatively little ef-
fort to formulate. Here we formulate an approximate DtN
map based on a few gross parameters of the subsystem.

Many methods have been proposed to model the effects
of complicated substructures on the dynamics of the main
structure. Soize? has attempted to do so by treating the sub-
structures as random structural elements, the parameters of
which are imprecisely known. Because of the uncertainty in
their structure, he has referred to them as ‘‘fuzzy structures.”’
Given a master (main) structure with random attachments,
Soize sets out to find the ensemble average of the response of
the main structure. Following Soize’s example, many other
authors have used different closure approximations in an at-
tempt to achieve the same goal.>~” Statistical energy analysis

')Currently affiliated with Parametric Technologies Corporation, Waltham,
MA.
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is also concerned with finding the ensemble average re-
sponse of a random system.

Pierce et al.,® on the other hand, found the “typical re-
sponse’’ of a plate with a densely packed collection of oscil-
lators. Crighton® has noted that in order to make predictions
about an individual realization of a system, one must seek a
*‘typical response’’ of a complicated system, rather than an
average response. Any introductory statistics text makes the
point that knowledge of the average response alone is insuf-
ficient to make judgments about the behavior of the indi-
vidual. This has recently been emphasized in regard to fuzzy
structures in Ref. 10.

Our approach is to examine a complicated deterministic
system. We obtain a model for the system which can be
exact if sufficient information about the system is given. We
consider approximations for the response of the system
which exploit the one thing that we have assumed from the
outset: the subsystem is complicated. Therefore, the number
of modes in the frequency range of interest in the system is
large. Thus we obtain an approximation that is valid for any
individual subsystem, and not only for an ensemble.

We conduct our analysis in the time domain (rather than
the frequency domain) for two reasons. First, for dynamical
simulations, this is the domain of interest. Second, the analy-
sis of the causal limit of zero damping and high modal den-
sity in the frequency domain can be subtle. On the other
hand, in the time domain we can more easily obtain results
for zero damping than with damping, as we will show.

In the next section we formulate the problem for con-
structing the time domain DtN map for a general linear elas-
tic subsystem. The exact equations are derived for the case of
zero damping. We then solve the equations of motion to
derive the exact DIN map for the subsystem. The effects of
small damping are then incorporated approximately. We use
a modal representation similar to that used by Pierce® and
develop an approximate DIN map for the subsystem in the
high modal density limit. We derive error bounds on the
approximate DIN map based on the choice of parameters.

© 1998 Acoustical Society of America 2048



Finally we compare the results of using an exact DtN map to
those from an approximate DtN map in a dynamical simula-
tion. The simulation is performed for the special case of a
single attachment point subsystem whose components move
unidirectionally.

. FORMULATION

We consider a linear dynamical subsystem whose con-
figuration is specified by N+M generalized coordinates, §;
with i=1,...,N+M. These generalized coordinates may be
thought of as being the generalized displacements of the
components of the subsystem from their equilibrium posi-
tions. This subsystem interacts with the outside world
through the first N of the N+M generalized coordinates £
with 8=1,...,N. Henceforth we shall refer to these general-
ized degrees of freedom as the degrees of freedom of the
attachment points. We denote the generalized forces that are
applied to the system through the first N generalized coordi-
nates by f, where y=1,2,...,N.

The equations of motion for the subsystem are:

(M” MIZ)(E])_F(C“ Cll)(é})
My Mp/\&) \Cu Cul\d

(o ) (E)-(6)

Here, &, represents the generalized coordinates of the attach-
ment points and &, represents the generalized coordinates of
the internal degrees of freedom. The K’s represent the stiff-
ness parameters coupling the attachment degrees of freedom
or the internal degrees of freedom to one another. The &’s
represent the stiffness parameters coupling the attachment
degrees of freedom to the internal degrees of freedom. The
M’s represent mass elements, while the C’s are damping
coefficients.

In the derivations that follow, we shall consider only the
special case in which C;;=0 and C;,=C% =0. We shall
also usually consider the case of zero damping, in which
C,;=0. We shall, however, allow for the situations in which
M;;=0 and/or M;;=M2,=0. The matrices M,,, Ky;, Ky,
are all assumed to be positive definite.

In order to distinguish between the various blocks that
appear in the matrices in (1), we shall adopt a summation
convention where repeated subscripts are summed through
their range. Since we require different ranges to distinguish
between attachment points and internal degrees of freedom,
we adopt the convention

a,8,7,...=12,...,N,
D:q. 7S, . =N+ 1. .N+M.
Thus Mj;—M .5, Mj—M

@

Mj—M,,, etc. Using this

ap
convention (2) allows us to rewrite (1) as
MaﬂEB+Map£p+Kaﬂ§ﬂ+xap§p=fa (3)
and
MPllEq+CPqEq+qu§q=_MpaEa_Kpaga- @
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In Eq. (4) we see that the internal degrees of freedom are
forced by the motions of the attachment points. Equations (3)
and (4) are the equations of motion of the subsystem. We can
now solve (4) for the unknown generalized coordinates, &
and use the result in (3) to formulate a Dirichlet to Neumann
Map or DtN.! The DN map can be written as

£=F(¢,). )

Here, ¥ is the Dirichlet to Neumann map; the forces f, rep-
resent the Neumann data and the displacements of the attach-
ment points £, represent the Dirichlet data. Thus the DIN
describes the forces exerted by the subsystem on its environ-
ment in terms of the displacements of its attachment points.
We note that in the case of linear systems, as are treated here,
the Fourier transform of the time-domain DtN map (5) is
directly proportional to the impedance of the subsystem.

1. EXACT SOLUTION FOR THE INTERNAL DEGREES
OF FREEDOM

We now consider the special case of C»,=0. On that
basis, we obtain an exact solution of (4) for the generalized
displacements of the internal degrees of freedom &, in terms
of the displacements of the attachment points 4. The solu-
tion may be obtained in terms of a normal mode expansion
using the eigenvectors of the matrix Mz'mezzMz'zm. For
details of this derivation we refer the reader to Ref. 11. Here
we need not compute My,'"? explicitly. We only need to note
that M2 is the unique positive definite matrix that satisfies
MMy =My,

The matrix M ;me peM q',m is symmetric because Kj, is
symmetric. We assume that M ,_p”zK reM ;,”2 is positive defi-
nite; i.e.,

x (M~ "2KM~1?)x>0, Vx#0eRM. (6)

Since M:me peM ,;,m is symmetric and positive definite, it
has M positive eigenvalues, (0'P)%, P=1,...,M, and M
distinct orthonormal eigenvectors, y(P ) P=1,...,.M.

In what follows summation is implied on repeated sub-
scripts, but superscripts are not summed unless explicitly
specified. We solve Eq. (4) subject to the conditions £,(¢)
=0, £,()=0, V<0, and use the properties of
(M;p"zquM _”2) to get

qr
s M A(g)
t)=— S 1 Q) t—
£(1) fo 2 oo sin(e@(=1)

X{Kkpata )+ Mpata(T)}dT. ™

We note that the time integration starts at =0 because the
subsystem has no displacement history prior to this. In (7),
we have denoted the outer product M~ "2y® yM ™12 by A:

A;’;)=M;qllz‘ygp)7£P)M;1/2. (8)

A. Exact Dirichlet to Neumann map

We now obtain an exact DtN map by substituting Eq. (7)
into Eq. (3). This yields
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fa=Maﬁ'§'ﬂ+Ka,B§ﬂ

—(K Mopo )f 2 7—;sm(w<”)(z—r))

X{Mxﬂgﬁ( T)+KsB§/3( 7)}d7- (9)

Various expressions for the exact DIN map may be con-
structed by rearranging the terms of Eq. (9).!! It is, perhaps,
most illustrative to conduct integration by parts on terms
containing ¢ and simplify the result to write

fa=[Mapg—M M5 M;glég

+[Kap— KapKps ksplép(2)

‘ M .
+f PE w(P)mf,? sin(w(P)(t—'r))fﬁ(T) dr.
0 P=1

(10)
Here we have used the relation’!
M (P)
E —Jr»y— (11)

In Eq. (10) we have introduced the modal mass tensor mf,’;} .

We define the modal mass tensor to be

] AD AD)
Py — P
Map = (oP)F (M gp(0(P)? Kaq)(A(P) A(P)

X(M,p(w““)z).
g

(12)

This modal mass tensor is a generalization of the modal mass
definition of Pierce® and O’Hara and Cunniff.?

B. Properties of the modal mass tensor

The modal mass tensors have the property that their sum
over all modes, P=1,..,.M, yields the total mass of the
subsystem.!! This may be written as

M
Lol M o= M oM M)t 3 Lam (=M ).
(13)
Here {‘;, represents a unit displacement of the attachment
points in the ith Cartesian direction and 6" is the Kronecker

delta function. Further, the modal mass tensors can also be
shown to satisfy the relationship'!

2 (@P)V2m$)=M M, K MM,

"MapMpq

+ Ka,,,K Kqp- (14)

1
Kep~ K,,I,Mp M

C. The role of damping

We now briefly reconsider Eq. (4) with C,,# 0. We shall
assume, however, that Cy, can be diagonalized by the eigen-
vectors . Thus, we write
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M V2C, M7 12y0) = 2 7(0)5(@) ()

(no sum on Q). (15)

Here, 7'? is the fraction of critical damping of the Qth
mode of the clamped subsystem. Assuming 7@ <1 leads to
the following solution of (4):

=—f 2 -—-(—-)-sm(w(Q)(t 7))

Xexp ( - ﬂ(Q)w(Q)(t- 7')){Kpa§a( 7) +Mpu§a( T)}d’l’.
(16)

Following the same steps as those leading to Eq. (10), gives

an approximate DtN that includes the effects of small damp-
ing on the internal degrees of freedom:

fa=[Mag—M M ' Mg,
+[Kaﬂ Kap ps Kxﬂ]gﬁ(t)+f 2 w(P)m(Izg)

X sin (0P (¢— r))e"’(m“’(r)("’)fﬁ( rydr. (17)

We emphasize here that (17) is exact for ¥’=0, but is only
approximately valid for 7'¥#0. We shall refer to results
derived consistently from (17) as “‘exact’’ in the rest of the
paper, with the understanding that they are exact for 7"
=0.

lil. APPROXIMATE DTN MAP AND ERROR BOUNDS

We begin this section by introducing the modal mass
function:

M
m(o) =;Z: m®PH(w—o®). (18)

In (18), H(w) is the Heaviside unit step function. This defi-
nition is similar although not identical to that of Pierce.® We
note that the function m(w) is discontinuous. Therefore its
derivatives are to be interpreted as delta functions. We also
introduce a continuous damping function 7{w) such that
N0 @)= 7D, and that

min 7(w)= min 7@, (19)
® 0=1,..M

When the subsystem has many internal degrees of freedom
and therefore many modes, we expect that the modal mass
function m(w) is well approximated by a smooth function
m(w). We now show that the error in f(¢) resulting from
approximating the modal mass function is bounded for all
time, subject to some conditions. We do this by rewriting our
discrete DtN in (17) using (18) and (19):

fa=[Maﬂ—MaiMi_'leﬁ]Eﬂ
+[Kaﬁ_Kap Ksﬂ]gﬂ(t)'i'f f maﬁ(“’)
X sin w(t—r)e"’("’)fp(r) do dr. (20)
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Here we emphasize that Eq. (20) is exact for the case of zero
damping, and no ‘‘fuzzy’’ approximations have as yet been
made. That (20) is indeed exact can be easily verified by
substituting (18) into (20) and integrating the resulting sum
of delta functions.

We now consider approximating m(w) by m(w). Thus
we introduce the difference function m°(v) with v=w/e
such that

m(w)=ﬁl(w)+em‘(-(:-), €<], 21

Here, em®(w/€) is a small but rapidly varying function
which represents the error in approximating m(w) by m(w).
The fact that it is rapidly varying is accounted for explicitly
through its dependence on the argument (w/€). The nondi-
mensional parameter € is a measure of the modal spacing.
We now substitute Eq. (21) into (20) to get

fa=[Mog—M M5 Mp)Eg

dm,
+[K af™ Kap ps Ksﬂ]gﬂ(t)'i'ff z ﬁ(w)

X sin w(t—r)e"’(’"’)fﬁ(r) dw dr+error,(1).

(22)
The error term in Eq. (22) is given by
tf* dm® .
error(t)—f0 fo 0= » sin w(t—1)
Xe M DE 1) dow dr. (23)

Here, mf,'ﬂ( v) is the derivative with respect to its argument.
We now show that the error is bounded. We integrate (23) by
parts once in time and twice in frequency to obtain:

error(t)= ezf;fowmf_l(-(-:—) (t—7)? cos w(t—17)

Xe M= 1g"(1) dw dr. (24)

Here m? ,(v) is the integral of mf(v) with respect to its
argument. In deriving Eq. (24) the following assumptions
were made regarding the choice of m(w):

M
m(0)=0, ﬁa(oo)=§1 m®

. (29)
me (0)=0, C= fo llme. ()] dv<ce.
In Eq. (24) we observe ‘
® ™
j e_l( ) dw= EC<°°
0
|cos w(t—T7)|=<1, (26)

3 3
(t— 1')3e"’(’"")<( ) e 3.
Mmin
Substituting (26) into (24) yields
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||error(t)||

3
€
27e~3C|E"(¢ ,  7#0,p<1,Vt,
< ;3' Ig()lmax 7 n (27)

ELCIE" ()| max» 7=0Y1.

Equation (27) shows that the error incurred in replacing

m(w) by a smooth m(w) is bounded for all time in the pres-
ence of damping. When there is no damping, the error is
small for simulation time less than O(1/¢).

IV. EXAMPLE APPLICATION OF DTNs

In this section we illustrate the application of our formu-
lation and DtNs to a particular problem. We consider an
elastic rod (main structure) that we model discretely using
ten elastic finite elements. At one end of the rod we prescribe
a unit step displacement at t=0. At the other end of the rod
we attach a dynamical subsystem whose components are al-
lowed unidirectional motion only. We represent the effect of
the subsystem on the dynamics of the elastic rod through a
DtN map. We use this special case to compare the results of
the exact DIN map to an approximate (fuzzy) DtN map. The
basis of our comparison is the force £(¢) that the substructure
exerts on the rod in each case.

The exact DN for such a subsystem may be derived
from Eq. (20) to be

a’m w)

fo)=Kafo(0)= [ "o

sin w(t—7)

Xe  MN=7g0(7) dw dr. (28)

Here £ is the displacement of the attachment point between
the rod and the subsystem (equipment), f, is the force ex-
erted by the subsystem on the elastic rod, and K, is the
high-frequency attachment point stiffness. For details of the
formulation and derivation of Eq. (28) we refer the reader to
Ref. 13. We consider exact and approximate modal mass
functions of the form

1500 ¥ Y T T T

T T
*10mass.exf® ——
“10mass.ex" ¢

1000

s00

-500

-1006 L 2 2 ' 1 I
0 50 100 150 200 250 300 350 400 450 500

FIG. 1. Force at the attachment point plotted as a function of time. The full
time scale is one unit. The parameters of the rod and subsystem are such that
Q= wy=10. 10 internal d.o.f. subsystem.
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FIG. 2. The 100 internal d.o.f subsystem.,

M

m(w)= 2, mPH(w-o®),

=
(29)
7(w)=Mr erf | ——
m(w)=My erf | ——].
T \van

Here erf (z) is the error function as defined in Ref. 14, M is
the total mass of the subsystem, and () is a characteristic
frequency scale of the subsystem. The frequencies o are
chosen randomly between 0 and 3 X (). The modal masses
m®) are chosen to approximate the continuous distribution
m(w) in (29), thus satisfying the assumption (21).

We note further that the modal mass functions m(w)
and m(w) satisfy'

M
m(0)=0, m(oo)=MT=PZl m®,

(30)

d © . d
", [ gy,

—=
do do

From condition (30) we obtain ()= Ky/M in the approxi-
mate modal mass function. We use the modal mass functions
from (29) in the DN (28) to obtain our exact and approxi-
mate (fuzzy) DN as'3

1000 T T ¥ Y T T Y T

T
*500mass.erf" —
*500mass.ex” 9

800

600

400

=200

=400

-600 L 1 1 1 2 L " 1 2
[ 50 100 150 200 250 300 350 400 450 500

FIG. 3. The 500 internal d.o.f subsystem.
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FIG. 4. The 100 internal d.o.f with 1% damping.

‘ M
1o =Koto(0= [ 3 (@Pym®
0 P=1
X sin (w(P)(t—T))e' (P)(""’)fo('r) dr, (31)
7o) =Kofo)~M:0* | [3-0%= 1)

X (t—7)e~ =02 (1) 47, (32)

We note that other choices of m(w) lead to different results.

A. Implementation and numerical results

We analyze the elastic rod described above using finite
elements. The rod is discretized and represented by ten finite
elements. The DtN boundary condition given by Eq. (31) or
(32) is applied at the end of the rod at x=L. We apply a unit
Heaviside step in displacement at the end x=0. We integrate
the equations of motion explicitly to update the displace-
ments in the rod and the force at the attachment point. The
force at the attachment point at any time ¢ depends on the
value of &, at all earlier times. Therefore, we maintain a
time history of the displacement of the node at x=L and use
this in (32) to evaluate the force f, at each time step. This
allows us to compute the displacement of the rod at the next
time step, and so on. Below we compare the forces between

1000 Y T T Y T T T T T

"100mass . exf: ——
"100mass .05 .damp® ©

so0 f & b
600
400

200 |

-200

-400

-600 . 1 2 2 i 3
[ s0 100 150 200 250 300 350 400 450 500

FIG. 5. The 100 internal d.o.f with 5% damping.
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FIG. 6. The 100 internal d.o.f with 10% damping.

the rod and the equipment predicted by the exact DtN and
the approximate DN for various modal densities and modal
damping.

The properties of the rod and the subsystem are chosen
so that Q=~wy=~10, where w( is the lowest natural fre-
quency of the rod. Further, the mass of the rod is approxi-
mately the same as the mass of the attachment. The rod has
high (=~10%) damping, which is the same throughout the
simulations, and tends to make the travel time slightly faster
than would be indicated by wqy. The equipment has either
zero dissipation or a value as stated in the figure captions.
The full time range for the simulations is one time unit.

In Figs. 1-3 we see the effect of the number of internal
degrees of freedom M (modes) on the exact and approximate
DtNs (31) and (32), respectively. The number of modes is
related inversely to the small parameter € introduced in Eq.
(21). Specifically, e=0(1/M). Thus, as M increases, we
expect the results from the approximate DIN (32) to better
approximate the exact DtN results. From these figures we
can see that the approximate DtN map in Eq. (32) indeed
provides a more accurate representation of the subsystem as
the number of internal degrees of freedom increase from 10
to 500.

In Figs. 4-6 we study the effect of subsystem damping
on the validity of the DtN approximation. Based on the re-
sults from Sec. IV, we should expect that increasing damping
(with M fixed) would control the long time error in the simu-
lations. In Figs. 4-6, we see precisely this behavior as 7
increases from 1% to 10% of critical damping. We note that
in all these figures the approximate DtN has zero added
damping. We conjecture that better agreement in the ‘‘over
shoot’” region (near ¢=100) would be realized by using an
approximate DtN that included damping.

V. CONCLUSIONS

In Sec. Il A we have shown that a general dynamical
subsystem can be represented by an exact DIN map. The
map can be used to replace the subsystem in a dynamical
simulation. In Sec. IV we provided approximate representa-
tions for the dynamical subsystem. We showed that the error
can be bounded. In the final section we studied an example
problem and performed a dynamical simulation using both
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our exact and approximate DtNs. The simulation demon-
strates the validity of our results when the number of modes
is high. It also shows that the model improves with the pres-
ence of a small amount of damping.

The approximate structure model presented here re-
quires knowledge of ‘‘the limiting structure.”” That is, we
need to know

lim m(w)=m(w). (33)

e—0

Equation (33) is very restrictive in terms of developing ap-
proximations for real structures. In a future contribution,!
we shall show that a given structure can be accurately mod-
eled without full knowledge of the limit in (33). That is, we

can construct an m(w) with knowledge of only a few rela-
tively simple parameters that describe the system.
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Dirichlet to Neumann Maps for the Representation of
Equipment with Weak Nonlinearities
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Boston, Massachusetts

ABSTRACT

We consider modeling the presence of a substruc-
ture in a dynamical simulation in terms of the force
the substructure exerts on the main structure of in-
terest. The reaction force is given in terms of the
displacement of the attachment points. We call the
map between the displacement of the attachment
points and the force at the attachment a Dirichlet
to Neumann, or DtN, map. We use a regular per-
turbation expansion to derive an approximate DtN
for the case when the substructure exhibits weakly
nonlinear behavior. The representation is accurate
to O(e?t?) + O(t?/N?), where € is a measure of the
strength of the nonlinearity, N is the number of
modes of the subsystem and ¢ is the simulation time.
We note that the representation is particularly suited
to the situation when e = O(N1).

INTRODUCTION

Calculations of the mechanical response of complex
structures can often be simplified by first determin-
ing the response characteristics of the internal com-
ponents. Barbone (1995, henceforth (I)) proposed
doing this in terms of a Dirichlet to Neumann map
(DtN), which converted displacements of equipment
attachment points to forces. An exact DtN was de-
rived for a general subsystem consisting of masses
and linear springs, and it was shown that in several
cases of interest it is possible to obtain much simpler,
approximate DtN’s. In particular, when the density
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of eigenstates of the internal subsystem is very
high, the application of “fuzzy structures” techniques
(Pierce, Sparrow & Russel, 1993; Pierce, 1995) pro-
duces an approximation which involves a few easily
estimated physical parameters. In this paper, we dis-
cuss the extension of the results in (I) to the case of
a subsystem with weakly nonlinear internal interac-
tions. We first derive an approximate DtN for an ar-
bitrary but weak nonlinearity, and discuss the result-
ing error of the approximation. We then describe two
specific models of nonlinearities. Finally, we discuss
the derivation of higher-order approximate DtN’s for
weakly nonlinear subsystems, and demonstrate the
validity of our first-order result through a numerical
example.

FIRST-ORDER DTN FOR WEAK NONLINEAR-
ITY As in (I) we shall assume that the subsystem is
attached to the main structure at a single point and
that all motion is purely unidirectional. In this case,
the displacements of the attachment point and the N
subsystem components can be described by the scalar
zo(t) and the N-dimensional vector «(t). The force
exerted on the equipment by the structure is denoted
fo(t). The goal in deriving a DtN for the subsystem is
to obtain an expression for fo(t) which depends only
on zo(t).

The movement of the equipment and the resulting
force on the main structure are assumed to obey the



following equations:

Mi(t) + Kz(t) + ev[z(t)]
K - (2(t) — pzo(t))

-kzo(t) (1)
fo(t), 2)

Here the N x N positive definite matrix M and the
N x N symmetric matrix K describe the masses
and spring constants of the subsystem. & is an N-
dimensional vector of coupling spring constants, and
p is an N-dimensional vector with each component
equal to unity, which represents uniform rigid trans-
lation of the subsystem. In (1)—(2), zo is the dis-
placement of the attachment point, z is the vector of
displacements of subsystem internal degrees of free-
dom, and fp is the force exerted on the subsystem
by the main structure. We assume ¢ < 1 and take
v to be a given nonlinear function of . For € = 0,
equations (1) and (2) reduce to the equations used in
D.

In order to obtain a relation involving fo(t) and
zo(t) only, equation (1) must be solved for z(t),
treating zo(t) as arbitrary. Though there are many
advanced asymptotic techniques to treat equations
like (1), they require specific forms of excitation (c.f.
Nayfeh, 1981.) To treat an arbitrary excitation, how-
ever, the best procedure is to employ a straightfor-
ward regular perturbation expansion. Thus we as-
sume that z(t) can be expanded in a regular pertur-
bation series:

z(t) = 2O @) + eV (2) + 2@ (1) + 0(3). (3)
Therefore,
fo(t) = kozo(t) (4)

+ K- (a:(o)(t) +ex®(t) + z®(2) + 0(63)) .

Here, kg = —p-k = p- Kp. The zeroth-order solution
of (1) is that obtained in (I) for the linear case:

i&(n) [g(’f) -M'1/2n]
1

n=

t
200 = - [ M

X L sinwp(t — 7)zo(7)dr.
Wn

(5)

The mode shapes and natural frequencies are defined
by the equation

M—1/2KM—1/2£(11) — wﬁ&(n) (6)
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The first-order equation given by (1) and (3) is
Mz () + KW (t) = —v[z@ )] = -5(). (7)

This can be solved exactly in terms of 2(%) (t). Letting
M (t) = M~/2y(t) in equation (7) yields

Gt + MYPKM~y(t) = -M~25(1).  (8)

Since M~Y2KM~1/? is symmetric and positive def-
inite, we can write

N

y(®) =D M z(t).

n=1

(9)

Substituting (9) into (8) and using the orthonormal-

ity of the eigenvectors yields
En 4 wiza(t) = -6 . M25(1).  (10)

The above scalar equation is easily solved using a
Green’s function g,(t) which satisfies

() +wign(t) = —6(t) (11)
gn(t) = 0 t<O. (12)
The solution g,(t) = —w—l— sin wy,t gives
n

t
z2(t) = -/ —l—sinwn(t — 7)™ - M~ Y25(7)dr.
—00 wn
(13)
We now subsitute (13) into (9) and use the definitions
of y(t) and ©(t) to obtain the following solution to (7):
b1
V(@) = -M? Z ¢ / —sinwp(t —7)
n=1 —co Wn

x€™ . M~V 2y[2 @) (7)]dr. (14)

N

The first-order approximation of the DtN map for
the weakly nonlinear system (1)-(2) can now be writ-
ten as

fo(t) = kozo(t)
—k- L ML

X [5(") -M‘llzn] zo(r)dr

—€K f_t_oo M2 22;1 ¢ i sinwy,(t — 1)

x {e™ . M20[zO(n)]} dr + O(12),

(15)

1 £(")ﬁ sinwn(t — 1)

where z(%)(2) is given by (5).
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The parameter which controls the error in (15) is e.
In our derivation of the general first-order DtN (15),
we gave no special treatment to the secular terms in
z(® and (V). Therefore, we expect that the O(e?)
error terms can experience unbounded growth pro-
portional to t2. (c.f Nayfeh 1981.) Therefore, we
have denoted the error in equation (15) as O(e%t?).
Thus, we can expect (15) to be an accurate approxi-
mation to the exact nonlinear DtN when ¢ < €~! and
ekl

TWO NONLINEAR FUNCTIONS WITH FUZZY-
STRUCTURE APPROXIMATIONS

We now discuss two specific forms of the nonlinear
function v[z] in (1). In each case, we first describe
v[z] and the resulting DtN (15), and then make a
high modal density (fuzzy) approximation. Following
these two examples, we discuss the errors which can
be expected from our fuzzy-structure approximations
and compare these with the error due to our weakly
nonlinear treatment.

Unidirectional Quadratic Nonlinearity
Here, as a simple example, we assume that

N 2
vz]=kY [g<"> : M1/2w] . (16)
n=1
We now substitute (16) into (15), to obtain

t N
k-z® = —/ Z L sinwn (t — )k - M2

—00 pa=y T

N
2
x€™ . M2 S [g(” - M 2g® (T)] dr. (17)
I=1
By using (5), we get the following expression for the
term in square brackets in (17):

v M2z () = (18)
_eW . A1/ /

—00

We now simplify (17) using the “modal mass”
(O’Hara & Cunniff, 1963; see also Pierce, 1995 and
(I)), defined as

.
1 sinwy (1 — 7")zo (7' )dr’
wy

2
my, = (p-MI/ZE(n)) . (19)
It can be shown that
K- M‘1/2£(") = —wfﬂ/r_n_n, (20)
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hence (17) becomes

t N
K zW(t) = ~ / Y mawhsinwn(t—7) (21)
—® n=1

N
2
X Zmzw, [/
=1

T

2
sinwy (1 — 7')z0o (Tl)d’l‘l] dr.
—o0

Similary, one has

t N
K-z (t)=- / Z Mpw sinwn (t — T)zo(T)dr.

—® p=1
(22)
Substituting the preceding two expressions into (4)
gives a DtN for the quadratically nonlinear subsystem
under consideration which has an error of order €2

High Modal Density. We now prepare to make the
approximation of assuming that the modes are closely
spaced in frequency. In this case, the modal mass
can be represented by a function of frequency, m{w),
which is defined by (Cherukuri 1996, Cherukuri &
Barbone 1996):

d N
% = n;lmn 5((0 - wn)- (23)

We can now exactly replace the sums over N modes
in (21) and (22) by integrals over all frequencies. The
O(e) DtN for (1)—(2) with the nonlinear function (16)
then becomes

fo(t) = kozo(2) (24)

- fioo I —le’zw“’ w3 sinw(t — 7)dw zo(7)dr

—€ ffoo i %ﬂw3 sinw(t — 7)dw
’ 2
X f0°° -—L—H’Zw“,’ w'? [f_roo sinw'(7 — T’)mg(r')d'r']
xdw'dr + O(e?t?).

We note that when the modal density is high, the
exact discontinuous %ﬂl (23) can be replaced with

a smooth approximation. The error so introduced in
fo(t) is discussed below.

Quartic Potential Energy

Here we make the physically reasonable assumption
that v[z] is the gradient of a quartic potential energy
function. Specifically, we let

9 1
vplx] = oz, ,~ j§=1 1 Lijr zizjzrar, (25)




where I is a constant, rank 4 tensor which is sym-
metric with respect to all pairs of indices. Applying
the above definition,

N

v,,[a:]: Z ijkl :vja:kxl. (26)
Jiksl=1

We now assume that I' can be expressed in terms of
symmetric N x N stiffness matrices K as follows:

1
Cijr = 3 [Kij Kp + KaKyj + K K1) . (27)

Using (27), we obtain

t N
20 () = — / M2 3 6™ gy g (¢ - )
- n=1 Wn
x¢™ . M~2K2O)(7) (29(r) - Kz© (r)) dr (28)

Writing (@ as

N
() = a(t)M~1/2¢0 (29)
=1

and noting that M —1/2 g symmetric allows us to
write (28) as

t N
Vg = — “125 e Lo
(@) = /_wM ;g " o sinwy(t — 7)

N
x {a,,(r)wf, > af (T)w?} dr. (30)
=1
We can now explicitly write down the order ¢ term
in the DtN for the cubic nonlinearity given by (26)-
(27). Substituting the full expression for a,(t) from
(5) and using the modal mass m,, gives us

k-zO(t) = 1SN wimasinwa(t - 1) (31)

X [T S in(r — T Yzo( )"
2
R A

High Modal Density. We now assume that the
modal density of the subsystem under consideration
is very high, and let the modal mass be a continuous
function of frequency m(w), as was done above. In
this case, the O(e?) DtN corresponding to (31) be-
comes

fo(t) = koxo(t) (32)
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- ffw 0 4m) (3 Sinw(t — 1)dw zo(7)dT
te [t [P w4 sinw(t — 7)
x [T sinw(r — 7')dw zo(7')dr’
X f0°° w'4 d1:i"wa’),

2
X (f:oo sinw'(1 — T').’E()(T')d’r‘) dw' dr.

Error Due To Fuzzy-Structure Approximation

The DtN’s (24) and (32) involve approximations
based on two explicit assumptions: weak nonlinear-
ity and high modal density. The function m(w) in-
troduced in equation (23) can be chosen to represent
the subsystem exactly. Frequently, however, an ap-
proximation to m(w), say m(w), will be used for any
of various reasons. Such an approximation naturally
leads to error in the DtN. Cherukuri and Barbone
(1996) point out that /m(w) should be chosen so that
forn=0,1,2:

® . dmn ® dm
/0 w%dw_/o I (33)

In this case, the error due to the approximation of
m(w) with m(w) is O(t2/N?) (Cherukuri & Barbone,
1996). Here, N is the number of components in the
internal subsystem.

Both the weakly nonlinear and fuzzy-structure ap-
proximations cause the error in fo(t) to grow as sim-
ulation times advance. If there is significant dissi-
pation in the system, however, we can expect that
the long time response will vanish before significant
error can accumulate. In particular, if the dissipa-
tion time scale is O(r), then we conjecture that for
m(w) = m(w) (as defined in (33)) the DtN’s (24) and
(32) will be valid for all time when 7 = o(e™!) and
T =o(N).

HIGHER-ORDER DTN's

We now describe a method for obtaining approxi-
mate DtN’s for the weakly nonlinear system (1)-(2)
which are accurate to second-order or higher in . We
concentrate on solving (1), since it is straightforward
to obtain the O(¢”) DtN from (5) once z(™(t) has
been found.

Assuming an arbitrary function v{x], we expand
about () (¢):

v[z©® + ez + 22@ + .. ] = (34)



anaasan

—
=t
l'n""'--’
1T

w N
s 3
8 8
[

0.00 20.00 40.00 60.00

Figure 1: Comparison of attachment point forces
given by the linear DtN (f(9)), the first-order weakly
nonlinear DtN (f()), and the fully nonlinear numer-
ical integration (f("*™)). The forces are plotted as
functions of simulation time for the case N = 10,
€ = 0.1, described in the text.

vo + (ez™ +e2z® +...) v}
+1 (ex® + 22® + .. .)2'06’ + ..ty

where vo = v[z(%)(t)] and ' = 8/dz. From (1), it can
be seen that the O(€™~!) terms on the r.h.s. of (34)
give an equation for (™) (t). We write this as

M&E™ + Kzt™ = =07, )oa®),  (35)

where L is a scalar linear differential operator on v[z]
which depends on {z(!) . V,2® .V, ... z(m-1 .V},
To solve (35), we can use an expansion in the eigen-
vectors 5(") and then use Green’s functions to find
the time-dependent coefficients, as was done above.
This yields the general solution for z(™(t), given
{£©@), 2™, pm-1}.

™) =—[* SV Lsinwat—7) (36)
x [M—l/zé(n)gm) : M—l/z]
x {L=D(V, 1)v[z©(7)]} dr.

To obtain an explicit solution for (™ (t), and
hence an mth-order approximate DtN, one must cal-
culate {£©, £, .. £m=1)} The general solution
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obtained above for z(1)(t) shows that £® = 1. For
concreteness, we now write £™ form =1,2,3:

LYV, = zW@).v (37)
LOW,8) = a:‘”(t)-V-i—%(m(l)(t)-V)z (39)
LV, = m(3)(t)-V+(m(1)(t)-V) (39)

x (w@)(t) V) + % (:z:(l)(t) : v)3 .

A NUMERICAL EXAMPLE

To demonstrate the usefulness of our first-order
DtN (15), we now compute fo(t) for a given weakly
nonlinear subsystem. We will compare the result
given by (15) to both the purely linear result (e = 0)
and to the fully nonlinear result, which we obtain by
direct numerical integration.

We choose the quadratic nonlinearity {16), hence
the first-order DtN is given by (21)—(22) and (4). We
now must select a forcing function zo(t) and the fol-
lowing parameters: N, {wn,m, : n = 1,2,...N},
and e. Once we do this, the approximate DtN pro-
vides zeroth- and first-order results for fo(t), denoted
féo) () and fél)(t). To obtain the fully nonlinear so-
lution numerically, we integrate the equations

N
En(t) + Whon(t) + ewiy/Mn 2 (1) = —wpy/Mazo(t)
1=1

(40)
where n = 1,2,... N, and thus obtain

N
fol®) = 5™ () = kozo(t) + S wiv/ma(t). (41)
=1

We note the fact that kg = 22’:1 Mpw?.

For this example, we let N = 10 and ¢ = 0.1. We
chose a realization characterized by modal masses
mp, = 0.1(1 +r,), n = 1,2,...,10. Similarly, we
chose nominally evenly spaced frequencies between 0
and 1: w, =0.1n(1+1r}),n=1,2,...,10. Here, r,
and r), are random numbers drawn from a uniform
distribution between —0.125 and 0.125. The results,
obtained using the forcing function z¢(t) = H(t — 1),
where H(t) is the Heaviside step function, are shown
in Fig.1. Comparing f©(t) and f(™m)(t), it can
be seen that a small amount of nonlinearity signif-
icantly changes the response of the system. How-
ever, f(U(t), given by our first-order DtN, captures
a large part of the nonlinear behavior, especially at



short times. In particular, it accurately predicts the
first large positive and negative peaks in the force at
the attachment point. Even for larger values of ¢,
our first-order DtN has been found to give short-time
results which compare favorably with the fully non-
linear case. Thus we have demonstrated the applica-
bility of the DtN concept to structures which exhibit
nonlinearity. We note that for the special classes of
nonlinearities treated above, the substructure is en-
tirely described by the function m(w).
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Abstract

The presence of complex subsystems can dramatically affect the dynamics of the main structure
to which they are attached. Exactly modeling these subsystems, however, is often impossible.
Here we propose replacing the substructure (say a piece of equipment) in a simulation by an
equivalent set of forces which react back on the main structure. These forces are given as
time convolutions of the displacements at the equipment attachment points. The convolution
integral, which represents a time domain DtN (Dirichlet-to-Neumann) map, is approximated
in the high modal density limit with determined error bounds. Bounding the error serves to
determine those properties of the dynamical subsystem that must be accurately reproduced by
approximate models. We propose a hierarchy of equipment approximations based on this error
analysis. We then analyze a special type of subsystem that interacts with the outside world
through a single degree of freedom. We propose implementation schemes of approximate DtN
maps for such subsystems based on the natural frequency scales of the subsystem and its known
resonant frequencies. Finally our approximate DtN’s are validated numerically in finite element

simulations.
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Chapter 1

Introduction




Analysis of problems involving simulations of complex dynamical subsystems often pose diffi-
culties. Exact representations of complex dynamical subsystems are hard to formulate for two
main reasons. First, exact representations are computationally expensive and require a large
amount of man power to generate. Second, it is often impossible to determine all the relevant
properties and natural modes of vibration of a complex dynamical subsystem.

Here we address two important goals that make simulation of complex dynamical subsystems

possible. These are:
o To find computationally efficient representations of complex dynamical subsystems.

e To determine the relevant information for accurately representing a complex subsystem.

We formulate accurate yet computationally efficient representations for general dynamical sub-
systems by addressing these issues.

Approximate representations of dynamical subsystems (equipment) have two important ad-
vantages over exact models or representations. First, the approximate representations can pro-
vide sufficient accuracy while reducing computational costs. Second, approximate representa-
tions require relatively little effort and information to formulate.

Dynamical simulations of field problems defined on a large or infinite domain can often be
simplified by replacing a portion of the domain by a Dirichlet to Neumann map [4]. In this
thesis we utilize the concept of a Dirichlet to Neumann map to represent a complex dynamical
subsystem. Thus we propose rep_resenting a complex dynamical subsystem in a simulation by
an equivalent set of forces acting through the attachment degrees of freedom. The set of forces

is given by a DtN map that may be expressed as:

(1) = F(6). (1.1)




Here F is the Dirichlet to Neumann map. It takes the time history of displacements of the
attachment degrees of freedom, £ , to the current forces f(¢). In the context of this prob-
lem Dirichlet data refers to displacements and Neumann data refers to forces. Once the DtN
map characterizing a given subsystem is known, its effect on the main structure is completely
determined. Thus, we can replace the subsystem by its DtN map in a dynamical simulation.

In this setting, the DtN map is related to the time domain impedance operator of the subsys-
tem. The idea of breaking a structure up into smaller components and analyzing each component
separately is, of course, central in all substructuring approaches ([9], [10] and [11]). In existing
substructuring strategies, some form of a truncated modal sum is used to represent each subsys-
tem (c.f. Craig and Bampton (1968) [10] and papers referencing them). One exception is that
of Hale and Meirovitch (1980) [11] who consider any admissible functions within a variational
method to represent a subsystem.

Here we formulate an approximate DtN map for a general dynamic subsystem by replacing
the modal sum with a modal integral. We determine the information that is necessary to
formulate an approximate DtN map. Further, we compute the error made in approximating the
exact DtN map of a general dynamic subsystem. We then bound the error in the approximation
by imposing conditions on the choice of parameters used to represent the subsystem. Finally we
show implementation methods for our approximate DtN maps and validate them in numerical
simulations.

In chapter 2 we formulate the problem that allows us to construct the exact time domain
Dirichlet to Neumann map for a general dynamical subsystem. We develop and introduce the
notation used to describe a general dynamical subsystem. Following the work of Pierce [2],

we impose conditions of translational invariance on the quadratic potential energy function (of




generalized displacements) of the subsystem. In addition we apply the condition of rotational
invariance of the potential energy quadratic for small displacements. Thus we derive important
physical properties of the subsystem that manifest themselves in the structure of the symmetric
positive semidefinite stiffness matrix K of the dynamical subsystem.

In chapter 3 we solve the equations of motion of the subsystem to obtain the generalized
displacements of the internal degrees of freedom in terms of the generalized displacements of the
attachment degrees of freedom. We write this solution as a decomposition into normal modes.
We then use this solution to construct the exact DtN map of the dynamical subsystem. We
simplify the exact DtN map of the subsystem by introducing a generalization of the modal mass
tensor (Cunniff and O’Hara [3], Pierce [2]). We also introduce a modal stiffness tensor. We
derive properties of the modal mass and the modal stiffness of the subsystem using the results
of translational invariance from chapter 2.

In chapter 4 we use the properties of the modal mass and the modal stiffness of the dynamical
subsystem to develop approximate DtN maps for the subsystem. We recognize the system pa-
rameters that are needed to approximate a dynamical subsystem. We derive strict error bounds
for the approximate DtN’s both in the presence and in the absence of small subsystem damping.
We emphasize that these are strict error bounds, rather than asymptotic error estimates. We
show that the error is small when the number of modes in the subsystem is high. We then
discuss three different levels at which one may approximate the modal mass of a subsystem and
the physical implications of these approximations.

In chapter 5 we discuss methods of efficiently implementing our approximate DtN’s in nu-
merical simulations. For this purpose we consider the special case of a single attachment point

subsystem whose components move unidirectionally. We derive the exact DtN map of this sub-



system based on the results of the previous chapters. In this discussion we use the approximate
DtN for this subsystem proposed by Barbone [5]. We address the problem of implementing these
DtN’s in numerical simulations. We develop implementation methods for these DtN’s for the
cases when the natural frequencies of the subsystem are small compared to the time scales of
the excitations and when a few resonant modes of the subsystem are known.

In chapter 6 present a numerical simulation of a problem utilizing the results of the previous
chapters. We discuss the problem and the method by which the problem is modeled. We
show the time marching scheme used for analyzing the dynamics of the super structure and the
subsystem in the numerical code. Finally we provide two sets of results to validate the DtN’s
developed in the previous chapters. One set of results shows the effects of the number of internal
degrees of freedom (modes) of the subsystem on the errors in the approximations. The other
set of results show the dependence of the error in approximating the exact DtN on the amount

of subsystem damping.




Chapter 2

Problem Formulation



In this chapter we formulate and discuss the equations of motion representing the dynamics of
a subsystem. We derive the equations of motion using Lagrange’s Principle [1]. We discuss the
structure of the stiffness matrix that shows up in the Lagrange’s equations of motions: The
quadratic potential energy function of the generalized displacements must satisfy translational
and rotational invariance. We shall solve the resulting equations of motion in the subsequent

chapters.

2.1 Equations of Motion

We consider a dynamical subsystem that has N+ M degrees of freedom and a quadratic potential
energy function, V(&1,&2,...,EN+M), of N + M generalized coordinates, ;1 = 1,...,N + M.
These generalized coordinates may be thought of as being the generalized displacements of the
components of the subsystem from their equilibrium positions. This subsystem interacts with
the outside world through the first N of the N + M generalized coordinates ;;5 = 1,...,N.
We denote the generalized forces that are applied to the system through the first N generalized
coordinates by fr where k =1,2,...N.

We will now derive a system of equations to describe the dynamics of the subsystem by
constructing the Lagrangian function of the subsystem and setting its variation equal to zero.
The Lagrangian function is £ = 7 — V. Here T is the kinetic energy and is a function of the
generalized velocities, éj while V, the potential energy, is a function of ;.

The kinetic energy T (f) may be written as:

o NeM
T =5 Y GMyE;. (2.1)

,j=1




The potential energy V (§) is:

_1N+M

V() =3 > &KijE;. (2.2)

ty=1

Here M is the positive semidefinite mass matrix of the subsystem and K is the symmetric posi-

tive semidefinite stiffness matrix of the subsystem. Equations (2.1) and (2.2) give the Lagrangian

as:
1 N+M . . 1 N+M
L=T-V= 3 Z EM;;¢E; — 3 Z & KGiE;. (2.3)
=1 ij=1

The equations of motion which follow from Lagrange’s Principle [1] are:

d [ 0L oL
(7)< Y

We substitute equation (2.3) into equation (2.4) to get the equations of motion of the subsystem

in terms of the generalized coordinates-ordinates &;:

N+M .
> (Miié; + Kij&;) = fi. (2.5)

i=1

We now split equation (2.5) into two parts as follows:

M;; M & K ki &; fi
? + = ( 2.6)
My; My, € Kpj Kpg & 0

Here we arrange the generalized coordinates such that the first N generalized coordinates corre-
spond to the attachment degrees of freedom and the next M generalized coordinates correspond
to the internal degrees of freedom of the subsystem. Once again we note that the system in-
teracts with the outside world only through the attachment degrees of freedom. Henceforth we
shall refer to the attachment degrees of freedom as the degrees of freedom of the attachment

points. In equation (2.6) we use the following index representation:

,j=1,2,..,N
(2.7)
pg=N+1,. . . N+ M



In all that follows we adopt a summation convention where repeated indices are summed
through their range. Since we require different ranges to distinguish between attachment points
and internal degrees of freedom we adopt the convention defined by (2.7). We now write the

symmetric stiffness matrix, K, in the form:

Ky -+ KN KIN+1 “r+ KIN+M
Kni -+ Knn KNN4+1 '+ KNN4+M
(2.8)
KT - K,T I( e I(
N+11 N+1N N+1N+1 N+IN+M
s oo KN K v K
N+M1 N+MN HKNtMN41 N+MN+M

Here the K’s represent the stiffness parameters between the attachment degrees of freedom

or the internal degrees of freedom. The &’s and their transposes, kT

represent the stiffness
parameters between the attachment degrees of freedom and the internal degrees of freedom.

We now drop the summation symbol and write equation (2.6) as follows:

M + Mipky + Kij& + Kipkp = fi (2.9)
and
Mpoy + Kpolq = —Mpili — rpifi. (2.10)

Equations (2.9) and (2.10) are the equations of motion of the subsystem. We can now solve
(2.10) for the unknown generalizéd coordinates, £, and use this in (2.9) to derive a relationship
between the applied forces and the first N generalized displacements. The solution to these

equations is presented in the following chapters.




2.2 'Translational and Rotational Invariance

Here we examine the structure of the stiffness matrix more closely. The properties of the stiffness
matrix are integral to the behavior of the dynamical system. We determine the properties of
the stiffness matrix, K;;, by enforcing translational and rotational invariance on the quadratic

potential energy function of the subsystem following [2].

2.2.1 ‘Translational Invariance

The potential energy of the subsystem given by equation (2.2) should be invariant for an arbitrary
translation of the entire subsystem. This is so because the potential energy of the subsystem
as defined by the quadratic in equation (2.2) is derived from relative generalized displacements
of the components of the subsystem from one another. We now denote a unit generalized
displacement of the first N generalized coordinates, &; in the ‘@’ direction by the vector ¢;a and
a unit generalized displacement of the next M generalized coordinates, £, in the ‘a’ direction
by the vector {pa. For example if &; represent displacements in Cartesian coordinates, then ¢
would be a (M + N) x (3) matrix, (¢ and ‘a’ would be a vector in R3. We now use the principle

of translational invariance of the potential energy function to write:
V(€ 6p) = V (& + (fa%, 6 + (5a®). (2.11)

We write the left hand side and the right hand side of equation (2.11) using the form of K;

from (2.8) and equation (2.2) as:
K,'j Kiq fj

V(& &) = % ( & & ) . (2.12)

Kpj Kpq &
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Similarly the right hand side of equation (2.11) is written as:

V(& + a6+ (a®) =
1 Kij ki €+ (ja®
5\ &G+ e &+ Gga” . (2.13)
Kpi  Kpg €g + (ga®

The ranges of the indices in equation (2.12) and (2.13) are given by (2.7) and a = 1,2,3. We

now expand equation (2.12) and write:

1 €
V(&) = 3 ( EiKij + Epkips  Eikig + &K pg ) ’
€q

= % (& Kij&j + Eprpii + &ikiglq + EpKpey) - (2.14)

Similarly we expand equation (2.13) to obtain:

V(& +¢Fa® & + (a%) =
1
) ( (& + (fa®) Kij + (Ep + C;‘a“) kp;j (& + (fFa®)Kig + (ﬁp + C,i'a“) Koy )
£+ (Ga”
& + anaa
= % [(Ei + (fa®) Kij (Ej + Cj-‘a“) + (6,, + C,‘,’a“) Kpj (f,- + C;'a“) +
(6 + (80 kg (€ +C20%) + (& + (50®) Kpg (& + Ca)] - (2.15)

From equations (2.11, 2.14 and 2.15) we have:

EiMiiCTa® + (Pa Kijy + (" Kij(fa®™ +
Epkpi (T a® + (Sakpi€; + (Fa%KpiCFa® + Eikig(Fa® + (Fakigly + (0% kig(ga®™ +

EpKpgCaa® + (ya® Kpgby + (pa® Kpg(a® = 0. (2.16)

11




The principle of translational invariance holds for arbitrary translations, ‘a’. Thus equation

(2.16) splits into two parts, one with terms linear in ‘a’ and the other with terms quadratic in

‘a’:

(Fa® K (T a® + (5a®kpi(fa™ + (Fa®kig(Fa® + (Fa® Kpq(fa® =0 (2.17)
&K ana + (e K& + §pnpjc;"a“ + (gaanpjﬁj +
Eikig(ea® + (Fa%kigly + EpKpg(ga® + (Fa"Kpefy = 0. (2.18)

We note that equation (2.18) must hold for any displacement of the subsystem, (&;,£p). Thus

equation (2.18) also splits into two parts:
&I (G a® + (fa® K€ + G a®kpi&s + €ikig(Ga® =0 (2.19)
Ephipi (5 a® + (Fa®kiglq + Ep K pe(ga® + Cpa®Kpe€y = 0. (2.20)

We now use the fact that equation (2.19) should hold for each element of vector ¢; because it

holds for arbitrary &;. We therefore can factor out £ and £; from equation (2.19) and write:
K;;(ja® + (Ga*Kj; + Cpa®Kpi + ﬁich‘aa =0. (2.21)
Similarly from equation (2.20) we get:
pi (5 a® + (Fa%Kip + Kpg(Sa® + (0 Kpp = 0. (2.22)
The stiffness matrix, K , is symmetric. Therefore in equation (2.21) Kij(fa® = (Ga*Kji

and (Ja%ky; = Kjg(5a®. We use this in equation (2.21) to get:

\
Kij(%a™ = —(Fa*ky;
K;;j(%a® = —Kiq(Za®
j iq5g
(2.23)
(Fa* K = —Cga"‘ng}
(Fa* K5 = —njq(g‘aa J
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Similarly from equation (2.22) we get:

Kpi(ga® = —=(Fa%kip \

Kpyga® = —k3;(fa® (2.24)
(pa® Kpg = —(fa%k;q

(fa*Kpq = =KL (Fa® )

2.2.2 Rotational Invariance

In this discussion we consider the special case of a subsystem comprised of point masses attached
to each other by linear spring elements. The generalized coordinates of such a subsystem can
be the displacements of the point masses from their equilibrium positions. The potential energy
of the subsystem as given by equation (2.2) is invariant for small rotations of the subsystem.
For this subsystem we may represent a small rigid body rotation by a (N + M) x (N + M)
transformation matrix, @, where @ = I + §2. Here I is the identity matrix and £ is an
antisymmetric matrix. We now use the principle of rotational invariance of the potential energy
to derive further structure to the stiffness matrix.

We denote the position vector to the i** attachment point by R; and the position vector to the
pth point mass of the subsystem by R,. We now subject the subsystem to a small rotation defined
by the transformation matrix @ . This rotation transforms the set of generalized coordinates of

the subsystem as follows:
€ = Qij (R + &)~ R . (2.25)
ép = qu (Rq + gq) - Rp. (2-26)
Here fi and ép are the displacements of the attachment points and the point masses after the

13




rotation. We use the principle of rotational invariance to write:

V(& &) =V (6.6). (2.27)

Substituting equations (2.25) and (2.26) into (2.2) we get:

. A 1
V(Eivgp) = 5((Ri+§i)Qij—Rj (Rp'}'Ep)qu_Rq)

Kjr  Kjr Qu(Ri+&)— R (228)

KL Kp |\ Qrs(Rs+6&)— R,

In all that follows the transpose notation, k7

, is implicit when the first index of « is p, g, r,....
We note that for small rotations, @ = I + §2, and small displacements, §; and £,, we may

drop the quadratic terms, £2¢, in equations (2.25) through (2.28), therefore:

& =&+ QijR; (2.29)
and
ép = &p + Qpg Rq- (2.30)

We use equations (2.29) and (2.30) in equation (2.28) and expand to write:
14 (éi,ép) = %[(fj + RiSij) Kjk (€ + QuRi) + (&g + RpQpg) gk (€k + Qi Rr) +
(& + Ri%) Kjr (& + QraRa) + (& + RoSpg) Kor (6 + QrRy) | (2.31)
We can now use equations (2.31) and (2.14) in (2.27) to write:
E Kk QR+ RiQi Kjpbr + RiQi Kjp Qi Ry 4 §gh gk Qi Ry + RpQpgrigréi+

RpQpokqik QiR + &K5r Qs Rs + RiSijkir&r + RifdijKjr Qs Rs 4 EgK o Qs Rs +

RyQp K e + RpQpg K Qo R, = 0. (2.32)

14




Equation (2.32) holds for arbitrary rotations, $2. We use this to split equation (2.32) into two,

one with terms linear in £2 and the other with terms quadratic in §2 .

RiQijI(ijszl + RpﬂpqnqukIRl + R,’Qin,jTQrsRs + RprqffquTsRs =0 (2.33)

and similarly:

§jI(ijk1Rl + RiQ,'jI(jkfk + fqliqukIRg + Rprq"iquk +

fj’ferrsRs + RiQinjrgr + £qI(q7'QrsRs + Rprq-qugr = 0. (234)

We note that the principle of rotational invariance holds for arbitrary set of generalized dis-

placements, (&;,£,). We use this fact to write:

K;eQuRi 4+ RiQur Ky + RpQpekg; + K5qQgp Ry = 0 (2.35)
and:

kbt R+ RiQukkig + K rQrsRo + ReQur g = 0. (2.36)
Since 2 is antisymmetric we may use Q;; = —Q;; in equations (2.35) and (2.36). Thus, we

conclude that K;; is symmetric, i.e. K;; = Kj;.
Equation (2.33) however, may be written in the form of a matrix equation in order to exhibit

another interesting property of the stiffness matrix, K:

Qi Qg K;r Ejr Qe Qs R,
R; R, =0. (2.37)

oL Qy KL Ky QL Q, R,

We write equation (2.37) in symbolic form as RRK 2RT = 0.
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Chapter 3

The Exact Dirichlet to Neumann

Map
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In section 3.1 of this chapter we derive the solution of the equations of motion, (2.9) and (2.10).
We write the solution in the form of a convolution integral using a Green’s Function. In section
3.2 we use this solution to formulate a Dirichlet to Neumann Map or DtN [4]. The DtN map

can be written as:

fi = F(&). (3.1)
Here F is the Dirichlet to Neumann map. The forces f; are the Neumann data and the displace-
ments of the attachment points £; are the Dirichlet data. Thus the DtN describes the forces
exerted by the subsystem on its environment in terms of the displacements of its attachment
points.

In section 3.3 we present a representation for the total mass of the subsystem and discuss
the structure of the mass matrix. In section 3.4 we define the modal mass tensor in a manner
similar to Pierce [3]. The modal mass tensors form the kernel of the convolution integral in the
exact DtN map. We also derive some the properties of the modal mass tensors. In section 3.5
we define another quantity that we call the modal stiffness tensor and derive its properties. In
the last section, we provide alternative representations of the Exact DtN map in terms of the

modal mass tensors and the modal stiffness tensors.

3.1 Green’s Function and Exact Solution

We shall now formulate the exact solution of equations (2.9 and 2.10) in terms two Green’s

functions, ¢{*) and ¢™), We introduce Green’s function? ggf)(t — 7) which satisfies the equation:

Myl — 1) + Kpgl(t = 1) = —rpib(t — 7) (3.2)

'Here we use the same index convention as described in equation (2.7).




and the Green’s function ng )(t 7) which satisfies the equation:

Mpqggfw)(t -7)+ prngz )(t —T) = —My6(t — ). (3.3)
Here the causality condition can be written as:

Wt-ry=gPt-r=0, ¥ t<r. (3.4)
We now use equations (3.2), (3.3) and (3.4) in equation (2.10) to write the full solution:

&= [ (9= nem) + (540 - né)] dr. (3.5)

The structure of equations (3.2) and (3.3) are similar. We therefore need to solve for only one of

the Green’s functions. Henceforth we refer to this Green’s function as gq (t — 1), while noting;:
Mg (¢ = 7) 4 Kpqgl(t = 7) = = Api(t = 7) (36)

and
gq, (t -7)=0, V t<r. (3.7)

Physically the Green’s function g,; may be thought of as the generalized displacement of the pt*
internal degree of freedom due to the i** component of the generalized force.

We now introduce the change of variables

at) = MM y,i(t). (3.8)

Here we need not compute M~1/2 explicitly. We only need to note that M2 is the unique
positive definite matrix that satisfies M/2M'/? = M. Substituting equation (3.8) into (3.6)

yields:

Mpg MM 2i(8) + Kpg M2 2yri(t) = — Apib(2). (3.9)
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Left multiplying the free index of equation (3.9) with M. s—pl/ % and noting that M, s_pl/ 2M,,qu_,‘l/ 2=

dsr, yields:

Juit) + (MTZEMY2) g = - MG 4,6(2). (3.10)

ST
In equation (3.10) we can see that Ms—,,l/zquMq_rl/2 is a symmetric M X M matrix because K

is symmetric. Further, M s—,,ll 2quM,;1/ ? is positive definite; i.e., for any vector x € RM we

have:
T (M/2KM™Y/?) x > 0, (3.11)

Since (Ms_pl/ 2I(quq_rl/ 2) is symmetric and positive definite, it has M positive eigenvalues,
(wPH2, P =1,..,M, and M distinct orthogonal eigenvectors, 4(P), P = 1,...,M (The range
of indices are as defined in equation (2.7). Henceforth there is no implied summation on super-
. o .. . . -1/2 4 a2 ,-1/2
scripted indices unless explicitly specified). We can use the properties of (Msp K,q Mgy ) to

write y,; as a decomposition of normal modes:
S (0 \(P) (P)
ysi(t) = > (1)) (1), (3.12)
P=1
Using equation (3.12) in equation (3.10) yields:
S~ (4 \(P) 5(P) ™ (0 \(P) (P)
> ()P @) + (MT2ERM ) ST ()P 2O(8) = - MG Api(2). (3.13)
P=1 P=1

We now multiply equation (3.13) by ('ys)(Q) and use the orthonormal property of the eigenvectors

~+®) to obtain:

. M
5D + (1)@ (M2EMTY) 3 (1) D2 D) = - (1)@ MG A1) (3.14)
Q=1

By the definition of eigenvectors, ('ys)(Q) we note that:

(M—1/2KM—1/2)ST (1)@ = (M-1/2KM-1/2)” (7:)@ = (w?)@ (1,) @, (3.15)
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Substituting equation (3.15) into equation (3.14) yields:
#90) + (@) @=0) = ()@ [M5 2 455(0)] (3.16)

Equation (3.16) represents M equations for M time dependent vectors, z;(t). Further, causal-
ity condition (3.4) requires that z§Q)(t) =0 V t < 0. We use this to solve equation (3.16) to

get:

1 - .
z(Q)(t) =-=0 (75)(‘9) [Mspl/zApi sin (w(Q)t)] . (3.17)

1

Substituting equation (3.17) into equation (3.12) yields:

ysi(t) = Z (’Ys)(Q) —57 (1)@ |M (M2 Apisin (w@1)] . (3.18)
We obtain the Green’s function, gtiA (t), by using equation (3.18) in equation (3.8):
oWty = — MM Z (vs7)™ (Q) [ M2 Ayisin (w(Q)t)] ) (3.19)

We obtain g(*)(t) and g(M)(t) by replacing A,; in equation (3.19) with ,; and M,;, respectively.

Thus we obtain:

a1 = M;uzz(vz;r(rq — (M52 kyisin (w@1)] (3.20)

and

g () = Mtsl/2z(7ZZ(TQ) (M52 Myisin (@) (3.21)
Q=1

The generalized displacements of the internal degrees of freedom are thus given by equations

(3.5, 3.20 and 3.21) as:

/ M;llz E (73&2 p1/2 sin (w(Q)t) {/-cpi&('r) + Mpifi(r)} dr. (3.22)
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3.2  Exact DtN Map

Here we shall use the solution (3.22) in equation (2.9) to get the exact DtN map. Further
we explore many alternative representations of the DtN map. Substituting equation (3.22) in

equation (2.9) yields:

t
. d? 2 ()P -
fi = Mg+ Kiéj - (m'p+Mip@> /Mpql/2 > [_Z)(—P)_)— M

o0 =
sin (w(P)(t - 1')) {Msjéj(r) + nsjgj-(r)} dr. (3.23)
This is one form of the exact DtN map. We shall now simplify it. We denote the outer product,

M~1/2y @ yM~1/2, in equation (3.23) by A:

M2y Py PI A2 = AR, (3.24)

pS
We note that A,, in equation (3.24) is not the same as A,; corresponding to the Green’s function
g4 of the previous section. Thus, using the notation introduced in (3.24) in equation (3.23)

yields:

sm w(P)(t - T))

it M
fo= MijstrKijﬁj—("iPJrM”’dt?) / Z o7

{Msj;r',-(r) + msjgj(r)} dr. (3.25)

We now integrate the terms containing ‘6’ in equation (3.25) twice by parts to obtain:

: (P)

M
/ (P) ns] sin ( (t - 7')) &(r)dr = Z ( (P))z —=—Ks;&;(t)

M AR )
/ Z  PI)B ———Kgj sin (w(P)(t - 1')) &(r)dr (3.26)

We use equation (3.26) in equation (3.25) to get:

i Mo AP
fi = My&; + K€ - (Kz'p'l' det2) { > ‘( (P) et
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P=1

P M) P) )
/ 2 (3(1’) ' (A(P))a’“sv*) sin (w2 - 7)) Ede}- (3.27)

Now we expand equation (3.26) by passing the time derivatives through the integrals, to obtain:
. M (P) A(P ) AP) .
fz' = Mijgj + Ixijgj Z Kfzp( (P )zﬁsgfg(t) sz Z ( SJ ( (P))Z Ksj + ( (P))ZKISJ) 6]

t (P) AP)
Kip / (w(P) j (w(P))s ) sin (w(P)(t - T)) E} dr

_oo P=1
t

b M /
—00 =

M

We may simplify equation (3.28) by noting that ZM,-,,A,(DI: )Msj = M;; and writing the kernel
P=1

of the integral in the form of a matrix product. This yields:

AL :
( (P)A(P) f;) nsj) sin (w(P)(t - T)) £ dr (3.28)
w

1

AP ¢
fi = Kiji - Zm,, i)+ / ZW(P)sm WPt - 7))
oo P=1
1 AP) A(P) _M(w(P))’A’ )
Py < ~-M(wP)? & ) &(r)dr (3.29)
AP A(P) K

Equation (3.29) represents the exact DtN map of the subsystem.

3.3 The Total Mass

The total mass of the system is given by:

Mi; M G
Mrotal = | G G (3.30)
ij -Mpq Cq

Here ( is the unit translation vector as defined in section 2.2.1. This may be seen by considering

the total kinetic energy of the subsystem in uniform translation.
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It is, perhaps, more instructive to consider the approximate DtN map for very low frequen-

cies. From equation (2.10) we get:
Kpebg = —Kpibi — Mpiéi - Mpqgw (3.31)
For low frequency oscillations we may ignore the terms with time derivatives in £, to obtain:
€y~ — Ky Kpik. (3.32)

We may better our approximation of ; by iterating, i.e. by substituting equation (3.32) back

into equation (3.31) and left multiplying by K~!:
&~ —K Mgl — KoM Mybi + K My K kg (3.33)

We now use equation (3.33) in equation (2.9) and ignore terms containing fourth derivatives in

£, to obtain:
fi = Mijé'j + I(z‘jfj - M,'pfi';:)lﬁqjéj
+ hip |~ Kt kasls — K s + K Moo K7l i) (3.34)
We rearrange equation (3.34) by grouping terms with corresponding derivatives in £, to obtain:
fi = [Mij - MipIi';qquj - RipI&;Jquj + R,‘I,If;qquTI(;IKSj] E]
+ [I(,'j - K,‘,,Kp_qlnqj] fj. (3.35)

Equation (3.35) holds for arbitrary displacements of the subsystem. We now consider unidi-

rectional force and displacement such that:
& = Ga(t), (3.36)

fi = GF(2). (3.37)




Here ( is a generalized translation vector as defined in section (2.2.1).
We now use equation (3.36) in equation (3.35) along with the results of translational invari-

ance, equations (2.23) and (2.24), to obtain:

fi= [Mijgj + MipCp — kip K3  MyiCi — kipKh Mqrcr] #(2) (3.38)
We can left multiply the free index of equation (3.38) by ¢; to get:

Cifi = [GMii GG+ GMipCp + GpMpiCi + (pMpgCe) (). (3-39)

Equation (3.39) is a statement of Newton’s Law for the entire translating subsystem. The left
hand side is 3 F in the direction ¢. The right hand side “Ma”. We observe that the total mass

of the subsystem is given by:

Moo = GG+ GMipGp + (pMpiGi + (pMpgCy- (3.40)

This result shall be used in the following sections.

3.4 The Modal Mass Tensor and its Properties

We define our modal mass tensor as follows:

A(P) A(P) M. .(w(P))2
P) 1 pr ps Tj
mij = ————(w(P))4 ( —M,-p(w(P))2 Kig ) . (3.41)
A0 A2 )\

Here A(P) is defined in equation (3.24). We now show that summing the modal mass tensors

over all modes, P = 1,.., M, yields the total mass of the subsystem.

Mo M .
S o it -

= J ot (w(P))z qr
_ A(P)_HBsj Kig (P)_Ksj
My Ap (w(P))2+(w(P))2A?S WP (3.42)
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| from equation (3.24) to obtain:

M M
Z MipAg?)Mrj = Z Minggq_1/2)7¢§P)7.£P)M5(:1/2)MT]"
P=1 P=1

| We know that the eigenvectors are orthonormal, and therefore:
|

sz

We use this in equation (3.43) to get:
Z My ADM,; = MMM M,
= M;;.
Similarly we find:

Z(mq qr M= E

M2 PIy P M P M.

We left multiply both sides of equation (3.15) by K~1M'/2 to get:

M2 P) = (PRI ML (P,

Now we use equation (3.47) in equation (3.46) to obtain:

M
Z )zAg’: b = kK MM, M M,

= n,qI _lM
The last two terms of equation (3.42) similarly yield:

Ksj ,—
Z Mip AR —20 = M, K Ky

P2
and
Ki Ksj -
Z (Wl If))z i (w (P,))2 = Ripl g Myr K7 K.
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We now expand each term on the right hand side of equation (3.42) using the definition of A(P)

(3.43)

(3.44)

(3.45)

(3.46)

(3.47)

(3.48)

(3.49)

(3.50)



Note that we may also derive the relation:

M A(P) .
Z T P))2 = K. (3.51)

We now use equations (3.45, 3.48, 3.49 and 3.50) in equation (3.42), multiply by ¢; from the

left and (; from the right and use the results of translational invariance from equations (2.23

and 2.24) to obtain:

M
S GmiG = GMiiCi + GMipGp + GoMpiGi + G MpyCy. (3.52)
P=1

We compare equation (3.52) with equation (3.40) and see that the modal mass tensors summed

over all frequencies yield the total mass of the subsystem, i.e:

Z Gim = Mrotal- ~ (3.53)

We can rewrite the exact DtN in terms of the modal mass tensors. Substituting equation

(3.41) in equation (3.29) while noting (3.51) yields:

fi = K& - ﬁ,pK' Ks;&i(1) + / Z w ) sin ( (t - T)) §J(T) dr (3.54)

In the subsequent chapters we utilize the properties of the modal mass tensors to provide ap-
proximate representations of the exact DtN (3.54). Note that the exact DtN as presented in
equation (3.54) contains a discrete sum over all modes in the kernel of the convolution integral.

In the sequel we shall find it interesting to consider subsystems that contain small modal

damping. The DtN for such a subsystem may be written approximately in the form:
fi = Kigti—kap K5 si€5(1) + / E wPm®) sin (WP - 1)) e EDE(7) dr+0(n).(3.55)

Here P) « 1 is a small modal damping factor. We emphasize that equation (3.54) is exact,

however, equation (3.55) is an approximate representation.
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3.5 Modal Stiffness Tensor and its Properties

In what follows we find it convenient to define another modal quantity that we call the Modal
Stiffness Tensor. The modal stiffness tensors are M in number and have the dimensions of
stiffness. We define the modal stiffness tensors in terms of the modal mass tensors. The modal
stiffness tensors, like the modal mass tensors contain some inherent physical properties of the
system. Here we list some of the properties that the modal stiffness tensors exhibit.

We define the modal stiffness tensors in terms of the modal mass tensors as follows:
(P) _ __(P); (P)\2
K’ =mg; (wl )) . (3.56)

We now use the properties of the modal mass tensors to obtain some of the properties of the
modal stiffness tensors.

Multiplying equation (3.41) by (w(P))? and summing the result over all the modes yields:

P (P) & P P P P A
S (@®Pmp) = 37 | (wl ))2MipAz(,r)Mrj—-lﬁiqur)MTj—-MipAz(,s)K,sj-I-Fé,'q———(w(},))zﬁsj .
P=1 P=1

(3.57)

We now sum each term of equation (3.57) by applying relations (3.44) and (3.51). This yields:
M

> (@2l = MMy Ko M My — Mip My kg — rip Mot Myj + ki Kl igj. (3.58)
P=1

Equations (3.58) and (3.56) show an important property of the modal stiffness tensors, namely:

M

P -1 7 - - - o
YK = My M K (e MM, — MM kg — KipMy My; + Rip K 1 K. (3.59)
P=1

Further, we multiply equation (3;59) from the left by (; and from the right by (; and use the

results of translational invariance from (2.23) and (2.24) to obtain:

M
Gy Kz(f) (G = GG+ GMip My K o M7 MG — G Mip My 3G — Cikip Mgt My C;.(3.60)
P=1
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We can use the form of the modal stiffness tensors and their properties to write the exact
DtN map in an alternative form. Integrating equation (3.54) by parts twice in time and using
the definition of the modal stiffness tensors yields:

™ k(P
fi = K& — kK keili(t) + Y Ky & —
P=1
Lt M
/ > w(P)ICgJ) sin (w(P)(t - T)) &;(r)dr. (3.61)
—oo P=1
Note that equation (3.61) is an exact relation. Equations (3.54) and (3.61) are two important

forms of representing the exact DtN map of the subsystem.
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Chapter 4

Maps

B

Approximate Dirichlet to Neumann



In this chapter we introduce the modal mass function m(w). In section 4.1 we re-express the
exact DtN map by replacing the modal mass tensors by the modal mass function. This substi-
tution is motivated by the work of Pierce [3]. In the following sections we obtain representations
for approximate DtN’s by approximating the modal mass function. We calculate the error in-
curred by approximating the exact but discontinuous m(w) with a continuous approximation
m(w). We show that by imposing certain restrictions on m(w), the error can be bounded for all
time. The restrictions thus determined lead us to a hierarchy of approximations that we discuss

at the end of the chapter.

4.1 Modal Mass Function and Its Properties

We introduce the modal mass function m(w) to exactly replace the modal mass tensors as

follows:

M
m(w) = > mP H(w - w®). (4.1)
P=1

Here H is the Heaviside step function. Differentiating equation (4.1) with respect to w yields:

dm(w) _ $~ ) (P)

Equation (4.1) and (4.2) are equivalent. This definition of the modal mass function is similar
though not identical to that of Pierce [3]. We note that the modal mass function m(w) as defined
in equation (4.1) and (4.2) is highly discontinuous. Some of the general properties of the modal

mass function are [5]:

m(0)=0
(4.3)
dl:iliw) >0
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| Another property of the modal mass function is obtained from its definition and the property

of the modal mass tensors (3.53). i.e.:

]
|
} 00

o [ dmii(w o
& / —di)(—)(f dw = My016%° (4.4)
0

Further, we use the definition of the modal stiffness tensors and equations (3.56) through (3.60)

with the definition of the modal mass function to obtain the following results:
(oo} [e.o]
/ 2 amisw) o o [ dKiw)
dw J dw
0

dw

00

dm;;(w -lpr aAr— y g 2
/w2_ﬁ dw = MipMquAqerslMsj - MiPMpqlﬁqj - HipMququ + fﬁpI(pqlK,qj (4 5)
0 .

47 2dmii(@) g, GEiiGi + GMip My Ko M MG~
i | W= dw =

w
0 CiMipMp_qlnqjCj - Ci’iz'pMp_qqujCj
Here we have introduced the quantity K;;j(w) = w?m;j(w). We call this the modal stiffness

function.

4.2 The Approximate DtN Map and Error Bounds

In the previous section we introduced the modal mass function m(w). In this section we use the
properties of the modal mass function to find an approximate modal mass function m(w). We
then approximate the exact DtN.(3.54) by using the approximate modal mass function m(w).
The error made in approximating the exact DtN is bounded by imposing conditions on the

choice of the approximate modal mass function.
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m(w),

‘m(w)

()

Figure 4.1: Exact and Approximate modal mass functions

We use the definition of the modal mass function (4.1) in the exact DtN (3.54) to obtain:
t oo d
fit) = Kii&5(t) — kipK 7l kgii + //w%&)—) sinw(t — 7)€"(7) dw dr. (4.6)
00

Here we emphasize that equation (4.6) is exact in the absence of damping and no approximations
have as yet been made. Note that the time integration starts at ¢ = 0 because we assume that
the subsystem has no displacement history prior to this. When the number of modes is high
we expect that the discontinuous modal mass function m(w) is well approximated by a smooth

function m(w) such that:
m(w) = m(w) + em® (%) , e 1. (4.7)

Here em® (%) is a small but rapidly varying function which represents the error in approximating

m(w) by m(w). The parameter € represents the non-dimensional modal spacing. The relation




(4.7) is demonstrated pictorially in figure 4.1. The stair step line represents an example m(w)
while the smooth curve represents m(w).
We obtain the approximate Dirichlet to Neumann map by substituting equation (4.7) into

(4.6). This yields:

filt) = Kij&(t) — kipK ) kil +

//wdr:riliw) sinw(t — 7)€"(7) dw dr + error(t). -~ (4.8)
00

The error term in equation (4.8) is given by:

t oo w
error(t) = //wdmdaf?) sinw(t — 7)¢"(7) dwdr
00

t oo
i (2) e
= Im{ w———e L gt ﬂ&”(r)dwdr}. (4.9)

w

Here we have written the trigonometric function sin w(¢—7) as the imaginary part of the exponent
(=) We now find error bounds by integrating equation (4.9) by parts once in time and twice

in frequency.

Integrating equation (4.9) once in time yields:

x e(w) ,iw(t—7) t
error(t) = Im{/wdmd (2) € —&"(1) dw} -
) w —iw o

Q0 td ef(wY iw(t—7)
Im{o/b/ mdufc) e_' §'”(‘r)dwd7'}. (4.10)

w

We now use the relation e = cos@ + isin 8 in equation (4.10). This yields:

% dme (2)

error(t) = §”(t)/ ——(—1:0—-‘—)— dw — E"(O)/ @%%—}—)- cosw(t — 1) dw —

0
—// dm(;f‘-:-) cosw(t — 7)€" (1) dwdr. (4.11)
00




We assume that the subsystem is initially at rest with &"(0) = 0 and choose the approximate

modal mass function m(w) such that:

fdnw) & py ey = 0) =
J — dw_-PX::lm H(w - w!; m(0) = 0. (4.12)

We now use equation (4.12) with (4.1) and (4.7) to obtain:

(o0}
dm®(w')
7 dw' =0

0 (4.13)

= m®0)=0, m°(o0)=0.

Conditions (4.13) enables us to eliminate the first term in equation (4.11). Thus, we get:

too
error(t) = -—Re{//dm (E)e"w(t‘f)i”’(r) dwdr}. (4.14)
00

dw

We integrate equation (4.14) once in frequency to get:

t

error(t) = -—em°® (%) /cosw(t— T)

0

_ e /t 7me (.":-) (1 = 1) sinw(t — 7)€" (r) dw dr. (4.15)
00

w=0oo

£"(r) dr

w=0

The conditions in (4.13) eliminate the first term in equation (4.15). We integrate the remaining

term by parts once more in frequency. Thus we obtain:

11 w=00
error(t) = —e¢m?, (Li> /(t —7)sinw(t — 1) &' (r)dr
€ 0 w=0
t oo
+ € / / m?, (%) (t = 1) cosw(t — 7)¢"(r) dwdr. (4.16)
00
Here we have introduced the integral of m®(w):
m®,(w) = fme(w') dw'. (4.17)
0
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We now impose the following conditions on the choice of the approximate modal mass function

m(w):
°,(0)=0
=) (4.18)
m,(c0) =0
We use (4.18) in equation (4.16) to get:
t oo
error(t) = € m, d (t—7)2cosw(t — 7)€" (r) dwdr. (4.19)
e

We shall show that error(t) is bounded in the next section.

4.2.1 Error Bounds

In this section we examine the functions in the integrand of the error term in equation (4.19) to
determine their maxima. We use these maxima and integrate the error term once in time and
once in frequency. By doing this we obtain the maximum value of the integral and thus a bound
on the error.

We first examine the function (¢ — 7)? for values of 7 < ¢ in the range 0 < ¢ < co. This

yields:
(t—1)2 <2 (4.20)
In addition, we have:

cosw(t — 7)

<1 (4.21)

We can use equations (4.20) and (4.21) in equation (4.19) to obtain:
£”(t)“ “ / me, (%) dw“. (4.22)
0
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We now impose:
oo o0
w e (Y B
/me_l (——) dw = e/m_l(w )dw' = €C = constant < oo. (4.23)
0 ¢ 0
Here we have assumed:
C= /m“"_1 (w) dw < o0. (4.24)
0
We use (4.23) in (4.22) to bound the error as follows:

i

From equation (4.25) we see that the error is bounded for simulation times t = O(1/€%/?).

error(t) H < ¢

g"(t)”; Ve o (4.25)

We stress that this result is not an asymptotic error estimate. Equation (4.25) holds for any €
and not just the limit as ¢ — 0.

If there were damping present in the subsystem, then we might expect that the damping
drives the total response to zero before the error can accumulate. We show this by considering
the error made in approximating the DtN with damping (3.55). In that case the error is given

by:

t
error(t) = € / m¢ ( ) (t — 7)% cosw(t — 7)e "= ¢ (1) dwdT + O(n). (4.26)
0

0\8

We now examine the function f(t) =t2e™" in the range 0 < t < 00,0 < 7 < 1. To obtain
the maximum of f(t) we differentiate it with respect to time and set the result equal to zero.
This yields t = 2/7. Further, this stationary point is a maximum. Thus f(t) is bounded and we

have:

(t _ T)?.e—n(w)(t—-r) < (t _ T)2e—nm;n(t—7)

2
< 2 ) e~2. (4.27)
min
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We use equations (4.27), (4.21), (4.23) and (4.24) in equation (4.26) to bound the error in the

presence of damping. This yields:

N (raz)

Here C is a constant and we assume that

error(t)” <é

g"(t)l‘; Ve > 0, lim. (4.28)

n—0+

f"(t)

is bounded. Again, we emphasize that the

error bound (4.28) holds for all €, and not just in the limit as € — 0.

The special case of a subsystem comprised of a number of unidirectional oscillators attached
to a single unidirectional oscillator was recently considered by Weaver [12]. Weaver numerically
simulated this system to obtain several response curves. His numerical results for this special
system show behavior that is consistant with the general results derived in this chapter (c.f.

equations (4.25) and (4.28)).

4.3 Levels of Approximation of m(w)

Here we enumerate a hierarchy of approximations of the modal mass function (matrix). These
approximations are based on the structure of the modal mass tensors and the properties that
the modal mass function exhibit. In each case we list the restrictions on the approximate modal

mass function such that the error is bounded.

4.3.1 Casel

The crudest form of approximating the modal mass function is to assume an isotropic form.

This yields:

m(w) = m(c)(w) bij. (4.29)
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We note that the modal mass function must satisfy (4.4). We may use this to get:
o0
dmy(w)
Cla/ ——((164«);_—61'ij dw = MTotalaaﬁ' (4.30)
0
Therefore at this level we only need to choose one smooth function m)(w) such that it satisfies
the relation:

o0

dmy)(w)
C{/ ———%——Q dw = Motal- (4.31)
0

We note that equations (4.31) and (4.5) imply that the attachment point stiffness matrix K;;
should be isotropic. If we approximate the modal mass function using (4.29) the error is bounded
only if (4.3) through (4.5) are satisfied and in addition, Kj; is isotropic and the coupling mass
M, = My; = 0. We note that this level of approximation seems unrealistic, especially when the
number of modes in the subsystem is low. The only physical property that this approximation

captures is the total mass of the subsystem.

4.3.2 Case 2

We may use the properties of the modal mass function to form a better approximation of it.
In particular from equation (4.5) we note that the modal mass function is related to the low

frequency stiffness matrix ki, K I;IIK,,”' of the attachment points. i.e:
[ 2dmis(w)
mii(w . 1y ag— - -
/ w2-——d’zj— dw = KipK 3 Kgj + Mip My Ko M7 My — Mip My kg — kipMy ! My;  (4.32)
0

In the special case where the coupling masses M;, and M,; are zero, equation (4.32) reduces to:

/ wz%(“) dw = kip Kl kgs 2 KD (4.33)
0

38



We could choose the approximate modal mass function m(w) to have the same eigenvectors as
that of the low frequency attachment stiffness matrix K ?] Then the approximate modal mass

function satisfies the relation:

©0 —
/ me—dZ’L“Q dw = kipK ' Kg; = K7, (4.34)
0

We also choose the approximate modal mass function to satisfy the relation (4.4). We may
write the low frequency attachment stiffness matrix K ?j in terms of its N distinct, orthogonal *

eigenvectors 1/)1(1) and its positive eigenvalues (A(D)? as follows:

N
K% =3 (00 [s @ 4] (4.35)

I=1

We now approximate the modal mass function using the known eigenvectors ¢§I). Thus we

obtain:
x () n
ii(w) = 3o (uD(w))? [80 @ i) . (4.36)
I=1
From equation (4.36) we can see that we need to choose only N smooth functions ut!)(w) in
order to approximate the modal mass function. We note that these functions have to be chosen
so as to satisfy equations (4.3), (4.4) and (4.33).
This is a more realistic approximation for the modal mass function. It not only captures the

total mass of the system but also possesses some information as to how the mass is partitioned

amongst the attachment points.

4.3.3 Case 3

Finally we may form an approximation of the modal mass function that takes into account all

the systems internal degrees of freedom and dynamics. We note that the modal mass matrix

!Note that K?j is symmetric and positive definite.
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m;j(w) is symmetric. Thus we need to have N (N + 1) functions of w to completely define the
modal mass matrix m(w). We choose these functions m;)(w) through LNV _H))(w) such that
conditions (4.3) through (4.5) are satisfied.

We have explicit error bounds on this approximation subject to conditions (4.13) and (4.18).
This would be the most accurate approximation for the modal mass function. This approxima-
tion would account for all the internal dynamics of the subsystem. Note that the error analysis
of sections 4.2 and 4.2.1 are valid for this approximation and thus the error would be bounded

for all time in the presence of a small amount of system damping.
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Chapter 5

Implementation Methods: A

Special Case
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In this chapter we discuss methods of efficiently implementing our approximate DtN’s in a
numerical simulation. For the purpose of this discussion we shall consider the special case of a
subsystem that interacts with the environment through a single massless attachment point. The
internal components of this subsystem are allowed unidirectional motion only. The formulation
presented here is taken from Barbone [5]. In section 5.1 we interpret this special case based
on the notation and results of the earlier chapters. We then derive methods to implement the
DtN’s for such a subsystem. In section 5.2 we discuss the implementation of an approximate
DtN map for the case where the natural frequencies of the subsystem are low compared to the
time scale of the excitation. In section 5.3 we derive methods for implementing high modal

density approximate DtN’s for a subsystem whose strong resonant frequencies are known.

5.1 Special Example

We consider a subsystem that has a quadratic potential energy function in M degrees of freedom.
This subsystem is attached to the outside world at only one attachment point. This subsystem
is assumed to have M internal components. We assume that the internal components of the
subsystem move in a single Cartesian direction only. All the results that were derived in the
previous chapters apply to this case.

The equations of motion (2.9) and (2.10) for this subsystem reduce to:

Mpqé:q + qu{q = _KpEO- V (5.1)

and

Kp (&p — Cpéo) = fo- (5.2)




These equations are obtained from (2.9) and (2.10) by noting that the mass of the single attach-
ment point is zero. The index notation in (2.7) still holds with N = 1. Here we have denoted the
displacement of the attachment point by & and the force at the attachment point by fo. Note
that the generalized unit displacement vector, in this case, takes the form of a vector in RM
with each of its entries equal to unity. i.e. (; =1,¢ =1,2,---, M. The results for translational

invariance (2.23) and (2.24) for this case yield:

Kpgq = —Kp (5.3)
and
ko = —Cpkip = (pIpqCy. (5.4)

Here we have denoted the stiffness of the single attachment point by kq. i.e. K11 = ko.

5.1.1 Exact DtN Map

We may obtain the exact DtN map of the subsystem for this case from equation (3.29) as:

it M

folt) = koto(t) — / > mP(wPy sin (Pt — 1)) &o(r) dr (5.5)
—oo0 P=1

Note that the modal mass is no longer a tensor but rather a scalar. As before we may write

(5.5) exactly in the continuous form as:

fo(t) = kobo(t) —- / / sm w(t — 7)o(7) dwdr. (5.6)
—o0 0
The conditions (4.3) through (4.5) now become:
m(0) =0 m(00) = Motal

(5.7)

dw dw

o0 o e]

d
/ M) g = Mgy / LGP,
0 0




5.1.2 Approximate DtN map

An approximate DtN map is proposed for this special case in [5]. A function which is represen-
tative of the class of functions satisfying (5.7) is used to approximate the modal mass function
m(w) to get the approximate DtN map. For this special case, the approximate modal mass

function proposed is:

M(w) = Mygea1 €7 f <”\/%d) : (5.8)

Here erf(z) is the error function of z [6]. Requiring (5.8) to satisfy (5.7) yields:

ko

Q= .
Mrotal

(5.9)

Using (5.8) and (5.9) in (5.6) and integrating repeatedly with respect to omega yields the

approximate DtN map for this special case as:
t
fo(t) = kofo(t) — M1 / [3 - 92(t - )] (¢ = r)e =X 2gy(7) dr. (5.10)
0

Here we have assumed that the subsystem has no displacement history prior to ¢ = 0. This
approximate DtN map has no added damping. According to equation (4.25), the error in this
approximation is bounded for t < O(1/€¥/?), provided (5.7), (4.13), (4.18) and (4.23) hold.

We now suggest implementation methods for the approximate DtN (5.10) map when the
natural frequency scale of the subsystem {2 is either low or high compared to the excitation time

scale.

5.1.3 Low ! Implementation of The Approximate DtN

When the natural frequency scale of the subsystem 2 is low the kernel of the integral does not

vanish quickly and thus equation (5.10) is difficult to integrate numerically. We may, however,
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use the first few terms of the asymptotic expansion of the Laplace transform of equation (5.10)
for implementing the approximate DtN in a numerical scheme.

Integrating (5.10) once in time yields:
¢
()= / k(t - 7)Ey(r) dr. (5.11)
0
Here the kernel k(¢ — 7) is given by:
k(t = 7) = Mrpoga9? [1 = Q3(t - 7)?2] e (=77 F/2, (5.12)
Since £'(t) = 0,Vt € (—o00,0] we can take the Laplace transform [6] of equation (5.11) to get:

LIF@)] = LIEDIL[E®)- (5.13)

Here L[f(t)], L[k(t)] and L[£}(t)] are the respective functions in the transform domain. In
addition, assuming £(0) = 0, from the definition of the Laplace Transform, we get L[£(2)] =
sL[&(2)]-

To compute the Laplace transform of the kernel (5.12) we use the substitution { = ¢ — 7 and

drop the tildes on the argument to write:
L] = [ Mpop@® (1- 02) e 20y, (5.14)
0

We now complete the square in the exponent and use the definition of the complimentary error

function of z, er fe(z) from [6] to get:

o0 2
E[k(t)] _ 7i.]M Q s2/20° S M 04 s2/20? 12 _(%—7%6) d 1
= |/ 2 ¥ Total®*® erfe v29) Total** € € t. (5.15)

0

tQ
We now use the substitution —= — —o— = y in the integral of equation (5.15) and integrate

V2 V20

repeatedly by parts to obtain:

2
LIk(1)] = MTota) s — [MTotal Q° e /29 erfe (\/‘%Q) . (5.16)
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We now employ the asymptotic expansion of the complementary error function from [6]:

3.---(2m-1)
@)™

z — o0, |arg(z)| < i?_r_ (5.17)

Vi erfe(z) o 14 (-1 Z

Using (5.17) in (5.16) with z =

6
\/‘;Q and ignoring terms of O (%) and higher we obtain:
SLIE(1)] = MToa10%s? — 3Mrpota . (5.18)

We now use equation (5.18) in (5.13) to obtain:

S2L[folt)] = LIEo(t)] [Mota1®?s® - 3Mrea1] - (5.19)

We can now take the inverse Laplace transform [6] of (5.19) and use the result for implementing
the approximate DtN in the time domain. Assuming homogeneous initial conditions the inverse

Laplace transform of (5.19) is:

f3(8) = Mrpoya) Q2€0(2) — 3Mta) 460(t). (5.20)

4
Note that when we ignore terms of order O (%) and higher in equation (5.16), we obtain:

fo(t) = Mrpgia) 9%60(t) = kobo(2). (5.21)

Equation (5.20) requires taking two time derivatives of the attachment point displacement
€o(t) and relating it to the second time derivative of the force fo(t) in the time domain. Equation
(5.21) would be the simplest form of implementing the approximate DtN map (5.10) for the case

when Q is small.

5.1.4 Implementation When a Known Resonant Frequency Exists

When € is not small, the kernel in equation (5.10) decays quickly. Therefore we can use (5.10)

directly for efficient implementation. Trouble may arise, however, if there is a single strong
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resonance that decays slowly. A model for such a scenario is:

w

m(w) = Myerf (\/591

> + MyH(w — Q). (5.22)

Here H is the Heaviside step function and erf(z) is the error function of z as defined in [6].
My H(w — ;) exactly represents the single strong mode of the subsystem that we assume to be
known. M, is the modal mass of the mode which has resonant frequency Q5. In equation (5.22)
My 4+ My = Mmy,)- Further, we let k) = M;Q%. We use equation (5.22) with (5.6) to obtain

the approximate DtN map as:

t

fo(t) = (ko ~k1)bo(t) + Mlﬂgfe_(tq)mg/z [1 - Qf(t - 7')2] &o(r) dr
0
t

+ M / / Q36(w — Q2) sin Q¢ — 7)o (r) dw dr. (5.23)
00

When the natural frequency scale of the subsystem € is not small, the kernels in the integrals of
(5.23) that contain the error function vanish quickly. The trigonometric kernel does not decay at
all. We treat this trigonometric kernel here. To do this we take two time derivatives of equation

(5.23). Treating each term individually, we have:

1
> (ter
F{Mls'l%/e (=72 1 - Q3 — 7)?] &h() dr} =

t

MyQ2EL(t) — M0 / e~ (t=TV 912 [3 — 603(¢ - 7)? + Qi(t — 7)*] &5() dr, (5.24)
0
and
d2 P . d2 t
W{Mz 0/ ! Q36(Q — Q) sin Qo (t — 7)&o(7) dwd'r} = -dt—z{Mgﬂg -0/ sin Qa(t — 7)€o(7) dr}
t
= MpQ8Eo(t) - My / sin Qs(t — 7)6o(7) d7. (5.25)
0
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We now eliminate the integral containing the trigonometric kernel in (5.23) by using (5.24) and

(5.25) to obtain an equation for f(t) + Q2 fo(t). This yields:

F(8) + Q3 fol8) = koh(8) + [(ko — k)03 + M) bo(0)+

t
M2 / e~ (-T2 [ (93 - 302) + (692 - 03) Q%(t - 7)* - Qf(¢ - 7)*|&6(7) dr. (5.26)
0

Equation (5.26) may be used for implementing the approximate DtN map when € is not
small. The integral in equation (5.26) has a quickly vanishing kernel. Thus efficient numerical

integration of (5.26) is possible.
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Chapter 6

Numerical Simulations and Results
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In this chapter we describe a numerical experiment designed to test the analytical results from
the previous chapters. To do this, we consider the special type of subsystem described in
chapter 5. We know the exact and an approximate DtN map for such a subsystem from the
previous chapter. Here we replace the dynamical subsystem in the simulation by the force it
exerts on a superstructure as predicted by the exact and approximate DtN maps. This is shown
schematically in figures 6.1 and 6.2. Note that the number of modes in the subsystem is inversely
related to the small parameter € introduced in section 4.2; specifically € 2 Kl/f— Thus we compare
the force predicted by the exact DtN to that predicted by the approximate DtN.

In section 6.1 we describe the particular problem being considered. In section 6.2 we discuss
the numerical schemes by which the analytical results of the previous chapters are implemented
in this problem. In section 6.3 we describe the method by which the subsystem parameters are

chosen in the simulation. Finally, in section 6.4 we show the results of our comparisons.

6.1 Example Problem

We consider an elastic rod (superstructure) of length L and a unit square cross section. A dy-
namical subsystem (fuzzy structure) is attached to the end of the rod at 2 = L. The components
of the subsystem are allowed unidirectional motion only. The rod interacts with the dynamical
subsystem through a single attachment point. Figure 6.1 shows a schematic of the setup. We
model the rod using ten elastic finite elements. We prescribe a unit step displacement at the
end of the rod z = 0 at time ¢ = 0. The displacement wave propagates through the elastic rod

and interacts with the fuzzy subsystem through the attachment point.
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Figure 6.1: Dynamical subsystem attached to super structure.

Figure 6.2: Dynamical subsystem is replaced by DtN condition.

We replace the dynamical subsystem in the simulation by the force it exerts on the rod as
predicted by the exact (5.6) and approximate (5.10) DtN maps. We compare results of the
simulations using both the DtN’s. Our basis of comparison is the force between the rod and the

equipment.

6.2 Numerical Implementation

The numerical results are obtained using DLEARN [7]. The time marching scheme employed

in DLEARN is the a-method. We refer the reader to chapter 9 of 8] for details of the time
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marching in the rod. We modify the DLEARN program to accommodate the DtN boundary
condition at the end of the rod that accounts for the fuzzy subsystem. We divide the discussion
of the modifications into two parts. In section 6.2.1 we discuss the dynamics in the rod and in

section 6.2.2 we discuss the implementation of the DtN map.

6.2.1 Numerical Integration In The Rod

We use an explicit time marching algorithm to propagate the displacement wave in the elastic
rod. It is incorporated in the DLEARN program.
The discrete finite element equations of motion describing the response of the elastic rod

may be expressed in the form:
Mé + CE + K¢ =F. (6.1)

Here the vector £ contains the nodal displacements in the elastic rod. M is the symmetric
positive definite mass matrix of the rod. C is the symmetric positive semidefinite viscous
damping matrix and K is the symmetric positive definite stiffness matrix of the rod. In addition
we have £(0) and 5(0) specified at the end of the rod at 2 = 0. In the a - method the time-discrete

equation of motion is [8].
ME™ 4+ (140)CE™ - aCE" + (1 + a)KE™! — aKE™ = F(tpia). (6.2)

Here n is the number of the time step and « is a numerical dissipation parameter. In equation

(6.2):
tnta = tny1 + @Al (6.3)
We now use the following finite difference formulas to compute the displacements and velocities
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at the next time step ¢,4+1. Note that these formulas comprise an explicit form of implementing

the a - method.

TL+1 n W At2 “n
=+ AL+ 7(1 -26)¢, (6.4)
and
E =&+ a1 - ) (6.5)

Implicit methods of implementation are also possible. These are discussed in [8]. To start the

process, éo may be calculated from:
0 .0 0
M¢ =F-C¢ -K¢. (6.6)

We then compute the velocities and displacements at t¢,,41 from equations (6.5) and (6.4), re-
spectively. We use these results to compute the acceleration at the next time step from equation
(6.2) and then repeat the iterative process. The above scheme allows us to compute a force at

the end of the rod at = L at the end of each time step. We call this force FF(t).

6.2.2 Numerical Integration Of The DtN

In the previous section we described the scheme to compute £,(t). We store the time history of
displacements £o(t) at the attachment point. At the end of each time step we employ this time
history to integrate either equation (5.6) or (5.10)! and obtain the force due to the subsystem

fo(t). From (5.6):

I3 = kokg — F(£0,€0,+» €0)- (6.7)

!Note that the time histories are different for the exact and the approximate DtN’s
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Similarly for the approximate DtN, from (5.10) we get:

& = kol — F(E5, -+, &) (6.8)
The functions F(£3,&3,++,£%) and F(&,---,£&) are time convolutions of the displacements of
the attachment point. To compute these we store the displacement history of the attachment
point for the exact and approximate DtN’s separately. We use the Trapezoid Rule to integrate
the exact DtN (5.6) or the approximate DtN (5.10) at the end of each time step to obtain
F(€9,€8,--+,€%) and F(£3,---,E%), respectively. Note that we integrate the DtN’s at the end
of each time step using the displacement history of the attachment point till that time step.
We then update the forces FF(t) in the rod by adding to it either the exact force fo(t) or the

approximate force fo(t) due to the subsystem and then use the updated force to compute the

displacement at the next time step.

6.3 Determination of Equipment Parameters

Here we describe the process by which we select our equipment parameters. We select a random
distribution of masses and frequencies to approximate the error function distribution in (5.8).
To do this, we first choose the number of modes in the subsystem M. We then use a pseudo
random number generator to choose a random number between zero and one. We scale this
distribution of random numbers to give us a frequency distribution in the range 0 < w < Wpaz.

Here we choose wyq, = 292, with  given by:

[ ko
Q= . (6.9)
Mmotal

We choose the attachment stiffness ko and the total mass of the system Mmyi,1. We choose

Mo, such that it is of the order of the mass of the rod. We denote the pt* frequency by Wp.
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The mass corresponding to w, is given by:

dm(w
my = MTarget_%z Aw. (610)
w=wp
In equation (6.10) m(w) is given by (5.8) and Aw = w}\n;x. We then compute the stiffness of

each individual component of the subsystem using the relation:

K, = myw?. 6.11
P P*'p

We verify that the total mass satisfies the relation:

M
K

MTotal = E: w_; # MTarget' (6.12)
p=1"P

We simulate the subsystem using the above choice of parameters. This subsystem corre-
sponds to the one described in the previous chapter. We can thus validate our analytic results
using this simulated subsystem. We compare the results obtained by using M4, rather than

‘MTarget in our approximate DtN’s.

6.4 Evaluating Approximate DtN’s

In this section we compare the forces predicted by the exact DtN (5.6) to those predicted by the
approximate DtN (5.10). In different simulations, we vary the number of modes in the subsystem
and the amount of damping in the subsystem. In figures 6.3 through 6.8 the thick curves
represent the exact DtN results and the thin curves represent the approximate DtN results. In
each figure the z-axis represents time ¢ and the y-axis represents the force at the attachment
point due to the dynamical subsystem fo(t). Note that as the small parameter ¢ — 0, as the
number of modes M — oo. Figures 6.3 through 6.5 represent exact and approximate DtN’s for

subsystems with ten, one hundred and five hundred internal degrees of freedom respectively.
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Figure 6.3: Dynamical subsystem with 10 internal degrees of freedom.
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Figure 6.4: Dynamical subsystem with 100 internal degrees of freedom.
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Figure 6.5: Dynamical subsystem with 500 internal degrees of freedom.
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In figures 6.3 through 6.5 we see the effect of the number of internal degrees of freedom
(modes) on the exact and approximate DtN’s (5.6) and (5.10) respectively. Note that in these
plots neither the exact DtN nor the approximate DtN have any added damping. As the number
of modes M increases we expect the forces predicted by the approximate DtN in (5.10) to better
approximate the forces predicted by the exact DtN (5.6). From these figures we see that the
approximate DtN indeed provides a better representation of the exact DtN as the number of
modes increase from ten (figure 6.3) to five hundred (figure 6.5).

We now demonstrate the effe~ts of subsystem damping on the performance of the approx-
imate DtN (5.10). In figures 6.6 through 6.8 we keep the number of degrees of freedom M
fixed and vary the damping 7. Figures 6.6 through 6.8 contain representations of subsystems
with one hundred internal degrees of freedom. The damping in the exact DtN of these figures
is one percent, five percent and ten percent of critical damping, respectively. Note that the

approximate DtN’s in these figures are identical and contain no damping.
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Figure 6.6: Subsystem with 100 degrees of freedom and 1% damping.
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Figure 6.7: Subsystem with 100 degrees of freedom and 5% damping.
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Figure 6.8: Subsystem with 100 degrees of freedom and 10% damping. -

62



M would control the long time error in the simulations. In these figures we see precisely this

Based on the results from chapter 4 we should expect that increased damping with fixed
|
l behavior as 7 is increased from 1% to 10% of critical damping. We can also compare figures 6.4

and 6.6 to see that a small amount of damping (1%) has increased the agreement between the

exact and approximate DtN’s for a subsystem with one hundred internal degrees of freedom.
PP g
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Chapter 7

Conclusions
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In chapter 2 we formulated the equations of motion for a general dynamical subsystem. In
chapter 3 we showed that a general dynamical subsystem can be represented by an exact Dirichlet
to Neumann map. The map can be used to replace the subsystem in a dynamical simulation. In
developing the DtN we find a generalization of the modal mass tensor of Cunniff and O’Hara [3]
and Pierce [2]. In chapter 4 we provided approximate representations for a general dynamical
subsystem. We proved that the error in approximating the exact DtN map of a general dynamical
subsystem can be bounded for all time in the presence of subsystem damping. We also showed
that in the absence of damping the error can be bounded for times of the order O(1/€3/2), where
€ is a small parameter that is inversely proportional to the number of modes in the subsystem.
We then showed three levels of approximations for the modal mass function (tensor) m(w), of
a general dynamical subsystem. In chapter 5 we discussed implementation methods for certain
approximate DtN maps based on the natural frequency scale of the components of the subsystem.
Finally, in chapter 6 we studied an example problem and performed a dynamical simulation using
both our exact and approximate DtN’s. The simulation demonstrates the validity of our results

when the number of modes is high or when there is some small amount of damping.
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ABSTRACT

Large scale dynamic simulations can often be sim-
plified by appropriately replacing large portions of
the domain by a Dirichlet to Neumann, or DtN map
(Givoli, 1992). Here we consider the problem of rep-
resenting a dynamical subsystem, a piece of equip-
ment aboard a naval vessel for example, in terms of
an equivalent time domain DtN map. The exact DtN
map is computed as a modal summation. The ex-
act map is then approximated in both the low and
high modal density regimes. The approximate DtN
in the high modal density limit is computed utiliz-
ing fuzzy-structures concepts recently developed by
Pierce, Sparrow and Russel (1993) and others. The
resulting DtN map depends on just two easily de-
termined system parameters: the total mass and the
high-frequency stiffness.

INTRODUCTION

Large scale dynamic simulations can often be sim-
plified by appropriately replacing large portions of
the domain by a Dirichlet to Neumann, or DtN Map
(Givoli, 1992) . Here we consider the problem of rep-
resenting a dynamical subsystem, a piece of equip-
ment aboard a naval vessel for example, in terms of an
equivalent DtN Map. In this contribution, we use the
term “DtN” to denote the map that takes displace-
ment histories into current forces. Here, we consider
the force to be Neumann data, and the displacement
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to be Dirichlet data.

We shall consider a subsystem to be attached to
a main structure at distinct points. The DtN map
yields the forces at the attachment points in terms of
the displacement histories of the attachment points.
Thus, given the DtN map for a piece of equipment,
the effect of that piece of equipment on the dynamics
of a structure is fully taken into account.

Though exact representations of equipment models
may be available, approximate representations are of-
ten attractive. There are at least two reasons for this.
First, the approximate representation may provide
sufficient accuracy at greatly reduced computational
expense. Second, and perhaps more importantly, an
approximate representation involves only a few gross
parameters of the dynamical system, sometimes as
few as two. These parameters can be easily esti-
mated, thus permitting simulations to be performed
with relatively little knowledge of the dynamic equip-
ment parameters.

In the next section, we formulate the problem of
determining the DtN in the context of an equipment
model proposed by Pierce (1995). We then solve the
equations of motion of the system and derive an exact
expression for the DtN. After examining two simple
limiting cases, we consider two main simplifications
to the exact DtN. The first simplification is applicable
in the limit of low modal density. The second is valid
in the limit of high modal density. It represents a
time-domain application of Pierce, Sparrow and Rus-



sel’s (1993) fuzzy-structures concepts. Both simplifi-
cations depend on relatively few dynamical parame-
ters.

FORMULATION

We consider a dynamical subsystem which has a
quadratic potential energy function in the NV degrees
of freedom, z,, n = 1,..., N. We shall assume that
the dynamical system is attached to the outside world
at only one attachment point. The displacement of
the attachment point from equilibrium is denoted by
zo(t), and we further assume that the attachment
point has no associated mass. We will denote by fo(t)
the force that is applied to the attachment point. The
“DtN” condition that we will derive represents a map
from z¢(t) to fo(t). Thus, the effect of the dynamical
subsystem can be included in a dynamical simulation
by employing the following boundary condition at the
attachment point

fo(t) = M.'I)o(t).

Here, M denotes the DtN map.

In what follows, z¢ and z, are purely unidirec-
tional. The extension to many attachment points and
three dimensional displacements follows as an exer-
cise.

In the case when fp = 0, we can write the potential
energy function as

(1)

V(zo,x) = —;—[X-Kx +2z0 “-x+ kozo®).  (2)

Here, x is an N dimensional displacement vector, K
is an N x N positive definite matrix, ~is an N dimen-
sional vector of spring constants, and k, is a coupling
spring constant. The potential energy function must
be invariant to rigid body translation (Pierce, 1995).
Therefore, for all a

V(zo + a,x + ap) = V(zo,x). 3)

In (3), p is an N dimensional vector with each com-
ponent equal to unity. Substituting (2) into (3) yields

(4)
(5)
We introduce the positive definite mass matrix M

which allows us to write the kinetic energy function
as:

Kp = -~
ko -p-"=p-Kp.

T(x) =% -Mx. (6)
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After applying Lagrange’s dynamical equations of
motion (Lanczos, 1986), we write the equations of
motion for our system as:

Mzx + Kx(t)
" (x(2) — pzo(t))

-7 Il,'o(t)
fo(t)-

(7
©)

LOCAL (IN TIME) APPROXIMATIONS

The DtN map is obtained by solving (7) for x(t),
and substituting the result into (8). In this section
we shall consider approximate solutions of (7) in both
the high and low frequency limits.

Low frequency limit

When the time scale of the excitation is much
slower than the natural frequencies of the subsystem,
then the inertia of the subsystem is negligible to a
first approximation. To obtain an approximate DtN
in this case, we rewrite (7) as

Kx(t) = — "zo(t) - M. (9)
Solving (9) by iteration yields
x(t) = K1 zo(t) + KTIMK™! 5 (t)
-KMK"'MK~!~ &2—;’4@ +..(10)

We now substitute (10) into (8) and simplify using
(5) to obtain
d*zo(t)

T'l‘.... (11)

Here, we have introduced the symbol Mty = p- Mp
which represents the total mass in the subsystem. We
note that to leading order, the force is merely accel-
erating the subsystem as a rigid body.

fo(t) = M7 3p(t)—p-MK™'Mp

High frequency limit

Alternatively, the time scale of the excitation may
be much higher than any of the natural frequencies
of the dynamical subsystem. In this case, the iner-
tia term in equation (7) dominates. We rewrite (7),
therefore, as

M %(t)
M s(t)

-"zo(t) - Kx
—"zo(t)

Taking two time derivatives of (8) and simplifying
using (13) yields

(12)
(13)

~

fo(t) = ko Zo(t) — ~- M " zo(2). (14)



At very high frequencies, the last term in (14) can be
neglected yielding

fo(t) = ko 2o (2). (15)

From (15), we see that in this regime the force is
resisted primarily by the elasticity in the equipment
mount. Based on the interpretation of (15), we refer
to the quantity k, as the “high-frequency stiffness.”

EXACT DtN MAP

An exact DtN map can be constructed by solving
(7) exactly and substituting the result into (8). An
exact solution of (7) can be constructed in terms of
a Green’s function. The Green’s function itself shall
be found in terms of the modes of vibration of the
dynamical subsystem.

The Green's function
The Green’s function, g(t — 7) satisfies

Mgit-1)+Kgt—-7) = —"é(t—-1), (16)
glt—-7) = 0 t<r. (17)

Equation (7), together with equations (16) and (17)
show that x(t) is given by

t
x(t) = / gt — 1) zo(7) dr. (18)
—00
We now solve (16) for g in terms of a normal mode
expansion. We begin by introducing a change of de-
pendent variables

g(t) = M2 y(t). (19)

Here, M!/2 is the unique positive definite matrix
which satisfies M'/2 M!/2 = M. (We shall not have
the need to calculate M'/2 explicitly here.) Substi-
tuting (19) into (16) and left multiplying both sides
by M~1/2 yields

@) + M™V2KM™~ Y2 y(t) = -M~Y2-6(1).  (20)

The matrix M~1/2KM~1/2 is N x N, symmetric and
positive definite. It therefore possesses IV distinct, or-
thonormal eigenvectors ,(® n=1,...,N, and N (not
necessarily distinct) positive eigenvalues w2. Since

(™ are orthonormal and span RN, we can write

N
y(t) =Y. z(0). (21)
n=1
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We now substitute (21) into (20) and make use of the
orthonormality of ,(™ to obtain

Fa(t) +wizp(t) = =, . MV2-5(1).  (22)
Further, causality requires

Zp(t) =0 t<0. (23)

Solving (22) subject to the condition (23) yields

zp(t) = L L™ M2 gin(w,t)
Wn
We obtain g(t) by using (24) in (21) and (19) to find,
fort >0

t>0. (24)

N
g(t) = -M~1/2 Z ;1—,(")[,(") - M™% sin(wpt).

n=1 "

(25)
With g(t) determined, the exact DtN condition fol-
lows directly using (18) and (8):

—’-paco(t)—/_too{'-M—l/2

N
1 —1/2-
X Z w_n,(n)[)(n) -M™Y27)

n=1

fo(t) =

x sinwy(t — 1) 2o (7) }df. (26)

Equation (26) can be simplified by utilizing the con-
cept of modal mass. O’Hara and Cunniff (1963) de-
fine the modal mass as (see also Pierce (1995))

my = (p- M2 (M)2, (27)
From the definition of ,(®), we note that
M~I2ZKMI/2 () = 2 (), (28)

We left multiply (28) by ~-K~1M/2, and use (4) to
find
LMTYZ () = 2p M2 (), (29)

We now use (29) and (27) to simplify (26) and obtain

t N
Jo(t) = komo(t)— / Z m,,wfl sin wy, (t—7) zo(7) dr.
—®0 n=1

(30)

Equation (30) represents the exact DtN for the dy-
namical subsystem under consideration. In general,
2N parameters are required to characterize the sub-
system. In practice, N can be arbitrarily large, or



even infinite. In such situations, it is often benefi-
cial to consider approximations to (30) in which the
DtN can be accurately represented by relatively few
effective parameters. Two such approximations will
be discussed in the next sections.

LOW MODAL DENSITY

The exact DtN map (30) above can simplified by
taking explicit account of the time scales of the exci-
tation. Already in an earlier section, we addressed the
case when the excitation time scale was either long or
short, respectively. Here, we can use similar approx-
imations for each mode independently. Thus, high
frequency modes will contribute predominantly stiff-
ness, low frequency modes will contribute predomi-
nantly mass, and we will find that “mid-frequency”
modes will contribute predominantly damping.

To make the approximations just described more
precise, we shall introduce the short (long) time scale
to (To). to corresponds to the highest frequency con-
tained in zo(t). Tp, on the other hand, corresponds
to the support of z¢(t), or equivalently, the lowest
frequency it contains. With these definitions, we can
write the force fo(t) as the sum of four contributions:

fo(t) = kozo(t) + f1(t) + f2(t) + f3(2) (31)
t
Z MW, /smwn(t —7) zo(7)dT (32)
wn<27/To
f20t) = Z MpWw;, /s1an (t — 1) zo(7)dr (33)
27 [to<wn
fa(t) = Z MW /fmwn(t—r zo(7)dr. (34)

2 [ To<wn <27 /to

We now find local approximations to fi(t) and fa(t)
similar to those found earlier, but here applied to time
scales characterizing individual modes rather than
the equipment overall.

Low frequency modes

Local approximations to f; () are obtained by suc-
cessive differentiation of (32), treating w,, as a small
parameter relative to 2w/Tp. Upon taking two time
derivatives of (32), we find

- Z mpwd [wnxo(t)

wn <21 /T,

t
—w? /_oo sinwy(t — 1) zo(7) dr] .(35)

Al =
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In this range of frequencies, we may neglect the sec-
ond term in (35) relative to the first term and write

Fi) ~ 2k o)1+ 0WATZ).  (36)

o

Here, ki, is defined as

ky =T (37)

Y mawl.

wn <27 /T,

Higher approximations can be obtained by taking
higher order derivatives of (32) and using intermedi-
ate results to simplify. For example, taking four time
derivatives of (32) and using (36) yields

difi(t
W

wa <21 /T,

d? f1(t)
dt?

mawST2 /Ky,

~ _% Zo(t) (1 + O(wiTy)). (38)

High frequency modes

Local approximations to f(t) are obtained by suc-
cessive integrations by parts. Integrating (33) by
parts twice yields

fo(t) ~ = [krzo(t) + mygo(t)] (1 + Olwnto) ™).

(39)
Here, we define kg and my to be
ky =) mped, (40)
27 [to <wn
27 [to<wn

We note that when ¢, = oo, ky = ko, and my —
M, thus reproducing the local mass limit (11).

Low modal density: summary

When the modal density is such that clear distinct
modes of vibration exist within the frequency ranges
of interest, the exact DtN can be broken up into four
individual contributions (c.f. equation (31)). Three
of those contributions can be written approximately
in a form which is local in time. We summarize those
results here, using equations (31-34), (36) and (39):

fot) = koxmo(t) + fi(t) + f2(8) + f5(1)  (42)
A ~ gl 43)
fa(t) ~ —kuzo(t) + mudo(t) (44)
= ——Z MpWw /sm wn(t — T)zo(7)dr. (45)
21r/To<w,.<21r/to -



The fourth contribution, f3, can not be simplified be-
yond the form of (45). The number of terms in the
sum, however, can be quite small. For some appli-
cations, as few as one term will be sufficient. Thus,
a subsystem may be well represented by as few as
five parameters (one term in (45)), and probably not
many more than 17 (seven terms in (45)). We empha-
size, however, that these parameters depend explicitly
on the time scales present in the ezcitation.

If a large number of frequencies are within the ex-
citation time scales, then a large number of terms are
required in equation (45). In this case, however, the
dynamics of the subsystem may be approximated us-
ing a high modal density assumption. In the next
section, we discuss the high modal density limit, and
show that the number of system parameters can be
reduced to two; they are excitation independent and
can be easily measured.

HIGH MODAL DENSITY

In the last section, we simplified the form of the
exact DtN map (30) by making assumptions regard-
ing the form of the excitation. In this section, we
instead make an assumption regarding the complex-
ity of the dynamical subsystem and thereby simplify
the DtN map. Specifically, we assume that the modes
are closely spaced in frequency. We also make use of
Pierce’s (1995) notion of mass as a function of natu-
ral frequency. Therefore, we introduce the function,
m(w), such that

s —wm) ) g (45)

Substituting (46) into the exact DtN condition
(30), we obtain

t X dm(wy)
fot) = komo(t) - (Wn+1 = wn) - ?1
0 Zo /_oonzl Wnptl — W dw (7
X sinwp(t — 7)zo(r)dr.  (47)

The assumption of high modal density, or closely
spaced modes, allows us to replace the summation
over natural frequencies in (47) with an integration
over all frequencies

t o0
)~ k) - [ [
oo0

x sinw(t — 7) dw zo(7) d7. (48)
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Form of m(w)
In general, the function m(w) must have the fol-
lowing properties (Pierce, 1995):

e m(0) =0.
¢ lim m(w) = Mr.
w—00

dm
e — >0.
do =
A function which is representative of the class of func-
tions satisfying the above properties is

m(w) = Mr erf(w/v29). (49)

Here, erf(z) is the error function of z (Abramowitz &
Stegun, 1972). Besides being representative of other
similar functions, it is reasonable to assume that the
error function will be a limiting case for infinite modal
density, independent of the particular characteristics
of the dynamical subsystem. Therefore, it is of par-
ticular interest to focus on the specific form of m{w)
as described in (49).

Equation (49) contains two parameters which de-
scribe the dynamical subsystem. The first is the total
mass, My. The second parameter is §2, which is a nat-
ural frequency scale of the dynamical subsystem. We
shall show later that

ko

Q= Y.

(50)

High modal density: time domain fuzzy-structure

Equation (48) simplifies considerably with the as-
sumed form of m(w), equation (49). Substituting (49)
into (48) and integrating by parts repeatedly with re-
spect to w yields

t
folt) = koo(t) - % (t - DB - 0%t - 7))

o0
X / e~ /89" cos w(t — 1) dw zo(7) dr.(51)
0

We evaluate the remaining integral with respect to w
by writing cosw(t — 7) = R{e*¢~7)}, completeing
the square in the exponent, then taking the real part:

fo(t)

ke(t) =

t
kozo(t) — /_ ks (t — 7) 30(r) dr, (52)

MrO3 Qt[3 - Q22 e t"/2 (53)



Equation (52) is the simplified representation of the
DtN Map under the assumptions of high modal den-
sity, and an error function modal mass distribution
as a function of natural frequency. The three param-
eters appearing in (52), Mr, ko, and 2, are related
to each other as shown in the next section.

Relation between M7, k,, and
We shall now determine a relation between Mr, ko,
and Q by considering the special case of

zo(t) = Ao H(t). (54)
Here, H(t) is the Heaviside step function, and Aq is
the magnitude of the step. As a result of moving
the attachment point suddenly an amount Ag, the
force fo(t) will change suddenly, and then relax. On
physical grounds, we can expect that
lim fo (t) = 0.

t—o0

(55)
That is, we expect that the system will eventually

relax back to an unstressed equilibrinm.
Substituting (54) into (52) yields

fo(t)

t
Aok, H(t) — Ao / k(¢ — 7) dr H(1]56)
0

Aok, H (t) — Ao M7Q?(1

~(1- 22 e "V L2H®E)  (57)

- Ag[ko — M1Q?) t—> o0 (58)
Employing condition (55) with (58), we find

02 = ko/Mr. (59)

High modal density: summary

When the modal density is so high (or when damp-
ing is such that sufficient modal overlap exists) that
distinct modes of vibration become “blurred” in the
frequency domain, then the exact DtN map, (30) can
be greatly simplified. The result is (52), repeated
here for convenience:

fo(t)

ks (t)

t
koo(t) — f_ k(¢ - 7) 2o(r) dr, (60)

MpQ® Qt[3 — Q23] e~ /2

(61)
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The assumptions leading to (60 and 61) are high
modal density and an error function modal mass dis-
tribution as a function of natural frequency. The
three parameters appearing in (60), Mr, k,, and ,
are related to each other by Q = /k,/Mr. Here, as
described earlier, M is the total mass of the dynami-
cal subsystem and k, is the equivalent high-frequency
stiffness of the subsystem. Thus, in order to model
the effects of a dynamical subsystem on the dynamic
response of a larger structure, one needs only two
easily determined parameters.
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